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Definitionen

• Def.: affin unabhängig 

 Gegeben:  k+1 Punkte                                 . 

Seien dadurch  k Vektoren vi definiert: 

Die Punkte      heißen affin unabhängig   ⇔    

die Vektoren  vi  linear unabhängig sind. 

• Beispiel: 

• Lemma: 

Falls die k+1 Punkte                  affin unabhängig sind  ⇒ k ≤ n .
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• Def.: affines Koordinatensystem 

 Wenn  k+1 Punkte                               affin unabhängig sind, so definieren sie 

ein affines Koordinatensystem (aka. affine Basis).  

• Def.: baryzentrische Kombination, baryzentrische Koordinaten 

 Seien k+1 affin unabhängige Punkte                           gegeben. Daraus kann 

man weitere Punkte konstruieren mittels einer baryzentrische Kombination 

(a.k.a. affine Kombination):   

 

                      

 Die      heißen baryzentrische Koordinaten von P  bzgl. der 

Koordinatensystems                              
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Eindeutigkeit der baryzentrischen Koordinaten

• Satz (o. Bew.): 

 Die Punkte                                      ,    sind affin unabhängig   

die affine Kombination bzgl. dieser Punkte ist eindeutig, d.h. 

• Konsequenz: falls die Punkte                          nicht affin unabhängig sind, 

dann kann es mehrere mögliche 𝜆's geben!
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Affine Abbildungen

• Definition: 

Affine Abbildung  :=  jede Abbildung 𝜙, die invariant bzgl. affiner 

Kombinationen ist. 

Affine Invarianz bedeutet: 

• M.a.W.:  eine affine Abbildung ist eindeutig durch die Bilder der affinen 

Basis festgelegt. 

• Vorgriff (o. Bew.): Affine Abbildungen "="  

                      {alle lineare Abbildungen} + {alle Translationen}
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Kleiner Exkurs: die konvexe Hülle

• Definition: konvexe Hülle 

 Seien                     Punkte (nicht notw.weise affin unabhängige Pkte). 

Dann ist die konvexe Hülle dieser Punkte definiert als: 

 In diesem Fall gilt                              . 

Eine solche Summe heißt auch konvexe Kombination. 

• Beispiele: 

•                      Strecke 

•                             Dreieck
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Physikalische Interpretation

• Gegeben             Punkte                                 

mit den Massen 

• Definiere die "normierten Massen" 

• Dann ist der Punkt 

genau der Schwerpunkt der  k+1  Punkte 

• A.k.a.  Barycenter 
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<latexit sha1_base64="erPHY4Mf9kuVUSdSfHgwyR6EaeM=">AAAC0XicZVFLb9NAEN6YVwmvFCQuFWhFhMShRHZElV6QIrhwDIK0lerIGq/H6aq7a2sftJGxBFy58RPgCD+gf4V/w9ppK9KMtLOfZr55p6Xgxobh305w7fqNm7c2bnfv3L13/0Fv8+GeKZxmOGWF KPRBCgYFVzi13Ao8KDWCTAXup8dvG//+J9SGF+qjXZQ4kzBXPOcMrDclvccT+prGxkkaCx+VQcLpJOFJrx8OwlboOojOQX/89Ozr1pMfZ5Nks/MrzgrmJCrLBBhzGA1LO6tAW84E1t3YGSyBHcMcq7btmj73pozmhfZPWdpaV3hyIcEeeWLzmf9dh87mu7OKq9JZVGyZ K3eC2oI2Y9KMa2RWLCgw5ltyYH0pdgQamPXrWCljQJllofgCdmONCk9YISWorIpzkFwsMszBCVtXsckv8Gom7hS3p95ouEHryqpE/VIWGfot501tv3Tv9cH+Xu3AlUsTjVld6XlaV+FgFG37Pe96NQzXmalweEkNh571qlGjnSvUVIC75EU7262Kan/W6OoR18HecBD5 gPdRf/yGLGWDbJFn5AWJyIiMyTsyIVPCyGfyk/wmf4IPwSL4EnxbUoPOecwjsiLB93+O9uO7</latexit><latexit sha1_base64="IkjKGG+4Mpt9c5aVqxFrCldUnKk=">AAAC0XicZVFLb9NAEN64PEp4NAWJC5cVERKHEtkRVXpBquDCMQjSVqoja70ep6vurq3dWcAyliqu/As4wh/qv+naSSvSjLSzn2a+eaelFBbD8LIXbN25e+/+9oP+w0ePn+wMdp8e2cIZDjNeyMKc pMyCFBpmKFDCSWmAqVTCcXr+ofUffwVjRaG/YFXCXLGFFrngDL0pGTyf0nc0tk7RWPqojCWCThORDIbhKOyEboJoBYZkJdNkt/cnzgruFGjkkll7Go1LnNfMoOASmn7sLJSMn7MF1F3bDX3lTRnNC+OfRtpZ13iqUgzPPLH97P+uU4f5wbwWunQImi9z5U5SLGg7Js2E AY6yooxz35Jj6EvxM2YYR7+OtTKWabssFF/DfmxAwzdeKMV0Vsc5U0JWGeTMSWzq2ObXeD2TcFrgd2+0wgK6si7BvFFFBn7LeVvbL917fbC/Vzdw7dLEQNbUZpE2dTiaRHt+zwdejcNNZiod3FDDsWe9bdVk/xY1lczd8KL9vU5FjT9rdPuIm+BoPIp8wKdoePh+deBt 8oK8JK9JRCbkkHwkUzIjnPwgv8lf8i/4HFTBRfBzSQ16q5hnZE2CX1fakeCi</latexit>

λi =
mi

mi
<latexit sha1_base64="k5Eb8BkMmyAEPeyMN4HxjhrGIWk=">AAACrHicZVFLb9QwEPaGVwmvLRy5WKyQOMAqWV7lgLQSl95opW5baRNFjjPZWrWdyB4DKytXfg1X+C/8E4442bZi6Uhjf5r5xuP5pmylsJgkv0fRjZu3bt/ZuRvfu//g4aPx7uNj2zjDYcEb2ZjT klmQQsMCBUo4bQ0wVUo4Kc8/9fmTL2CsaPQRrlvIFVtpUQvOMISKMc1kIFesEPQjzWrDuFeF6HxmnaI9KsaTZJoMRq+D9AJM5vPDPzl+zg+K3RFmVcOdAo1cMmuX6azF3DODgkvo4sxZaBk/ZyvwwwAdfR5CFa0bE1wjHaJbPLVWDM8Csb/sv6mlw3ov90K3DkHzzVu1kxQb2g9MK2GAo1xTxnn4kmMYWvEzFkbFIMxWG8u03TTKLmGcGdDwlTdKMV35rGZKyHUFNXMSe53qS7z9knBa4LcQtMICuta3YF6ppoKgcy9zL3/IhuKwuWFgX0rmOm9WZeeTafr25XCk/5EMVFecvUBJgs+6OB729KG3d1dbuQ6OZ9P09fTNYTqZ75ON7ZCn5Bl5QVLy nszJPjkgC8LJd/KD/CS/oml0FC2jfEONRhc1T8iWRfVfZJXX6Q==</latexit>
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Isolinien an einem Dreieck 

10

Das funktioniert auch mit einem Dreieck 

im  ;  die Zeichnung hier befindet sich 

dann in der Ebene des Dreiecks!
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Häufige Aufgabe

• Bestimme die baryzentrischen Koordinaten eines Punktes P bzgl. des 

Dreiecks A, B, C               

• Lösungsweg 1: 

• Setze    

• Ansatz:   

• Löse das LGS 

• Setze

b = B − A , c = C − A , q = P − A

βb+ γc
!
= q

<latexit sha1_base64="yd1FXK70WbDGp+qs7r7QWFrjN9g=">AAACxHicZVHNbhMxEHaWv3b5S+GEuBgiEAiIdsNfOCAFIaEei0TaSnUUeb2zqVWvvdjjQrRaHoWX4BW4wp23wbtpK0JHGvvzzDcznpmsUtJhkvzpRRcuXrp8ZWMzvnrt+o2b/a1bu854K2AqjDJ2 P+MOlNQwRYkK9isLvMwU7GVH71v/3jFYJ43+hMsKZiVfaFlIwTGY5v0xywA5ZceCZvQJZQtelqunoCzzUuUWFGW2pPcoMyETfdt5P8/7g2SYdELPg/QEDCZ0887Ddz8e78y3eshyI3wJGoXizh2kowpnNbcohYImZt5BxcURX0DdNdbQB8GU08LYoBppZ13jlcuS42Egtpf713XgsRjPaqkrj6DFKlfhFUVD20HQXFoQqJaUCxG+5DmGUuKQWy4wDGytjOParQqxUxgzCxq+CBPmpfOaFbyUaplDwb3CpmauOMXrmaTXEr8Go5MO0Fd1BfZZaXIIgy3a2mEtwRuCw0a7hutMcd/UdpE1dTJMXz7tjvQ/koX8jDMOlCToqInjbk9vWnl1tpXzYHc0 TJ8PX3xMB5NtspINcpfcJ49ISl6TCdkmO2RKBPlOfpJf5Hf0IVKRi/yKGvVOYm6TNYm+/QWTWd2K</latexit>
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A B
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b

Pc
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Lösungsweg 2

• Verwende die Beobachtung: alle Punkte P mit dem selben Abstand von der 

Geraden         haben dieselbe baryzentrische Koordinate  

• Setze  

• Damit ist 

und                                   (wegen Normierung) 

• Definiere analog FAB und FBC 

• Damit ist

12

Normierung
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Lösungsweg 3

• Nutze den geometrischen Zusammenhang zwischen Flächeninhalten und 

baryzentrische Koordinaten:

13

FA

FC

FB
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Erinnerung

• Flächeninhalt eines Dreiecks  A, B, C  ist 

• Achtung: Achte auf den korrekten Umlaufsinn !!  

• Beobachtung: Flächeninhalt = 0   ⟺   Det = 0   ⟺   Dreieck ist degeneriert   ⟺ 

                         Punkte sind nicht affin unabhängig
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A
(

∆ABC
)

=
1

2
∥ b× c ∥

=
1

2
∥ (B − A)× (C − A) ∥

=
1

2

∣

∣

∣

∣

Bx − Ax Cx − Ax

By − Ay Cy − Ay

∣

∣

∣

∣

=
1

2

∣

∣

∣

∣

∣

∣

Ax Bx Cx

Ay By Cy

1 1 1

∣

∣

∣

∣

∣

∣

<latexit sha1_base64="b56MA+iwK+ScTu6p/Duf8hAsg2c=">AAAEaXicjVNba9RAFE63q9Z4a9UH0ZfBxVKlXZLF0iIU2l0ffKxgL9Apy2Rysh06mYS51C4hv8Znf5C/wT/hyWWXboviwEzO5TvnO5lzJsqlMDYIfi11lrv37j9Yeeg/evzk6bPVtefHJnOawxHP ZKZPI2ZACgVHVlgJp7kGlkYSTqLLUeU/uQJtRKa+2WkO5ymbKJEIziyaxmtLP2kEE6EKU4XFZRH2t+G69Fsrk2KiPqBqtWAIKA6Go5Ks7xGaaMaLsCwGJaE500xKkIRecRIRakUKplb4TSf1/x65Mdw6eD+L3BjVyj8jJSSW4p9ZMqs1ZVgklj4cX5MtcoDnOhnNZco1 eqa1Nq09rexTUPEsmFAtJhdNYv+/GRuu4Zyx4mpYhnOuyhai3OxK+xsvaTzzq6+Utjv+eLUX9IN6kbtC2Ao9r12H2OAfNM64S0FZLpkxZ+Egt+cF01ZwCZjeGcgZv2QTKOpxKsk7NMUkyTRuZUltXcClUyz7AoHVx9x0nTmb7J4XQuXOguJNrsRJYjNSjR+JhQZu5ZQw zrEkxyxS8QvsNLc4pgs0hinTENGZ6FMNCr7zLE0ZXgtNWCrkNIaEOWnLgppkJi9mEk4JW421EQasy4sc9FaaxUD2SNXj6jGgF4PxHdU/XLhorAEfhJ5EZRH0d8JNvOddPAbBXWQkHcyhwQBRH6tjZ/sWNJLMzXHh9mZ9hCW2NbzdxLvC8aAfYsDXQW9/2DZ4xXvjvfU2 vNDb8fa9L96hd+TxzsvOp86o83n5d3et+6r7uoF2ltqYF97C6vb+AEwzZqI=</latexit> <latexit sha1_base64="b56MA+iwK+ScTu6p/Duf8hAsg2c=">AAAEaXicjVNba9RAFE63q9Z4a9UH0ZfBxVKlXZLF0iIU2l0ffKxgL9Apy2Rysh06mYS51C4hv8Znf5C/wT/hyWWXboviwEzO5TvnO5lzJsqlMDYIfi11lrv37j9Yeeg/evzk6bPVtefHJnOawxHP ZKZPI2ZACgVHVlgJp7kGlkYSTqLLUeU/uQJtRKa+2WkO5ymbKJEIziyaxmtLP2kEE6EKU4XFZRH2t+G69Fsrk2KiPqBqtWAIKA6Go5Ks7xGaaMaLsCwGJaE500xKkIRecRIRakUKplb4TSf1/x65Mdw6eD+L3BjVyj8jJSSW4p9ZMqs1ZVgklj4cX5MtcoDnOhnNZco1 eqa1Nq09rexTUPEsmFAtJhdNYv+/GRuu4Zyx4mpYhnOuyhai3OxK+xsvaTzzq6+Utjv+eLUX9IN6kbtC2Ao9r12H2OAfNM64S0FZLpkxZ+Egt+cF01ZwCZjeGcgZv2QTKOpxKsk7NMUkyTRuZUltXcClUyz7AoHVx9x0nTmb7J4XQuXOguJNrsRJYjNSjR+JhQZu5ZQw zrEkxyxS8QvsNLc4pgs0hinTENGZ6FMNCr7zLE0ZXgtNWCrkNIaEOWnLgppkJi9mEk4JW421EQasy4sc9FaaxUD2SNXj6jGgF4PxHdU/XLhorAEfhJ5EZRH0d8JNvOddPAbBXWQkHcyhwQBRH6tjZ/sWNJLMzXHh9mZ9hCW2NbzdxLvC8aAfYsDXQW9/2DZ4xXvjvfU2 vNDb8fa9L96hd+TxzsvOp86o83n5d3et+6r7uoF2ltqYF97C6vb+AEwzZqI=</latexit> <latexit sha1_base64="b56MA+iwK+ScTu6p/Duf8hAsg2c=">AAAEaXicjVNba9RAFE63q9Z4a9UH0ZfBxVKlXZLF0iIU2l0ffKxgL9Apy2Rysh06mYS51C4hv8Znf5C/wT/hyWWXboviwEzO5TvnO5lzJsqlMDYIfi11lrv37j9Yeeg/evzk6bPVtefHJnOawxHP ZKZPI2ZACgVHVlgJp7kGlkYSTqLLUeU/uQJtRKa+2WkO5ymbKJEIziyaxmtLP2kEE6EKU4XFZRH2t+G69Fsrk2KiPqBqtWAIKA6Go5Ks7xGaaMaLsCwGJaE500xKkIRecRIRakUKplb4TSf1/x65Mdw6eD+L3BjVyj8jJSSW4p9ZMqs1ZVgklj4cX5MtcoDnOhnNZco1 eqa1Nq09rexTUPEsmFAtJhdNYv+/GRuu4Zyx4mpYhnOuyhai3OxK+xsvaTzzq6+Utjv+eLUX9IN6kbtC2Ao9r12H2OAfNM64S0FZLpkxZ+Egt+cF01ZwCZjeGcgZv2QTKOpxKsk7NMUkyTRuZUltXcClUyz7AoHVx9x0nTmb7J4XQuXOguJNrsRJYjNSjR+JhQZu5ZQw zrEkxyxS8QvsNLc4pgs0hinTENGZ6FMNCr7zLE0ZXgtNWCrkNIaEOWnLgppkJi9mEk4JW421EQasy4sc9FaaxUD2SNXj6jGgF4PxHdU/XLhorAEfhJ5EZRH0d8JNvOddPAbBXWQkHcyhwQBRH6tjZ/sWNJLMzXHh9mZ9hCW2NbzdxLvC8aAfYsDXQW9/2DZ4xXvjvfU2 vNDb8fa9L96hd+TxzsvOp86o83n5d3et+6r7uoF2ltqYF97C6vb+AEwzZqI=</latexit><latexit sha1_base64="b56MA+iwK+ScTu6p/Duf8hAsg2c=">AAAEaXicjVNba9RAFE63q9Z4a9UH0ZfBxVKlXZLF0iIU2l0ffKxgL9Apy2Rysh06mYS51C4hv8Znf5C/wT/hyWWXboviwEzO5TvnO5lzJsqlMDYIfi11lrv37j9Yeeg/evzk6bPVtefHJnOawxHP ZKZPI2ZACgVHVlgJp7kGlkYSTqLLUeU/uQJtRKa+2WkO5ymbKJEIziyaxmtLP2kEE6EKU4XFZRH2t+G69Fsrk2KiPqBqtWAIKA6Go5Ks7xGaaMaLsCwGJaE500xKkIRecRIRakUKplb4TSf1/x65Mdw6eD+L3BjVyj8jJSSW4p9ZMqs1ZVgklj4cX5MtcoDnOhnNZco1 eqa1Nq09rexTUPEsmFAtJhdNYv+/GRuu4Zyx4mpYhnOuyhai3OxK+xsvaTzzq6+Utjv+eLUX9IN6kbtC2Ao9r12H2OAfNM64S0FZLpkxZ+Egt+cF01ZwCZjeGcgZv2QTKOpxKsk7NMUkyTRuZUltXcClUyz7AoHVx9x0nTmb7J4XQuXOguJNrsRJYjNSjR+JhQZu5ZQw zrEkxyxS8QvsNLc4pgs0hinTENGZ6FMNCr7zLE0ZXgtNWCrkNIaEOWnLgppkJi9mEk4JW421EQasy4sc9FaaxUD2SNXj6jGgF4PxHdU/XLhorAEfhJ5EZRH0d8JNvOddPAbBXWQkHcyhwQBRH6tjZ/sWNJLMzXHh9mZ9hCW2NbzdxLvC8aAfYsDXQW9/2DZ4xXvjvfU2 vNDb8fa9L96hd+TxzsvOp86o83n5d3et+6r7uoF2ltqYF97C6vb+AEwzZqI=</latexit> <latexit sha1_base64="b56MA+iwK+ScTu6p/Duf8hAsg2c=">AAAEaXicjVNba9RAFE63q9Z4a9UH0ZfBxVKlXZLF0iIU2l0ffKxgL9Apy2Rysh06mYS51C4hv8Znf5C/wT/hyWWXboviwEzO5TvnO5lzJsqlMDYIfi11lrv37j9Yeeg/evzk6bPVtefHJnOawxHP ZKZPI2ZACgVHVlgJp7kGlkYSTqLLUeU/uQJtRKa+2WkO5ymbKJEIziyaxmtLP2kEE6EKU4XFZRH2t+G69Fsrk2KiPqBqtWAIKA6Go5Ks7xGaaMaLsCwGJaE500xKkIRecRIRakUKplb4TSf1/x65Mdw6eD+L3BjVyj8jJSSW4p9ZMqs1ZVgklj4cX5MtcoDnOhnNZco1 eqa1Nq09rexTUPEsmFAtJhdNYv+/GRuu4Zyx4mpYhnOuyhai3OxK+xsvaTzzq6+Utjv+eLUX9IN6kbtC2Ao9r12H2OAfNM64S0FZLpkxZ+Egt+cF01ZwCZjeGcgZv2QTKOpxKsk7NMUkyTRuZUltXcClUyz7AoHVx9x0nTmb7J4XQuXOguJNrsRJYjNSjR+JhQZu5ZQw zrEkxyxS8QvsNLc4pgs0hinTENGZ6FMNCr7zLE0ZXgtNWCrkNIaEOWnLgppkJi9mEk4JW421EQasy4sc9FaaxUD2SNXj6jGgF4PxHdU/XLhorAEfhJ5EZRH0d8JNvOddPAbBXWQkHcyhwQBRH6tjZ/sWNJLMzXHh9mZ9hCW2NbzdxLvC8aAfYsDXQW9/2DZ4xXvjvfU2 vNDb8fa9L96hd+TxzsvOp86o83n5d3et+6r7uoF2ltqYF97C6vb+AEwzZqI=</latexit>
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Exkurs: Geometrischer Beweis der Flächenformel eines Dreiecks (in 2D!)

• Zu zeigen:
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[ ]

denn F(Dreieck) = ½ . Basis . Höhe

FYI
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Beweis der Lösung 3

• Gegeben sei ein Dreieck A, B, C, und darin ein Dreieck P, Q, R 

• Die baryzentrischen Koordinaten von P, Q, R  bzgl. A, B, C seien 

 

d.h. 

• Generalized Routh's Theorem:
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A
(

∆PQR
)

=

∣

∣

∣

∣

∣

∣

αP βP γP
αQ βQ γQ
αR βR γR

∣

∣

∣

∣

∣

∣

·A
(

∆ABC
)

<latexit sha1_base64="VWcOWqSLEY1ETRLtpCocOrWODm0=">AAADd3icZZJLbxMxEMe9DY8SHk3hyAHTiKqHEu1GVOkFKbSXHpOItJXqKPJ6ZxOr3of8AKLVXvkifA0OHPkKfBRuzOZF01ja2b88v/GMZxzmShrr+3+8ndqDh48e7z6pP332/MVeY//lpcmcFjAU mcr0dcgNKJnC0Eqr4DrXwJNQwVV4e175r76ANjJLP9tZDqOET1IZS8Etbo0bP5nVkmNE0esPSvqRMgWxZRhiaZ2FMJFpkXBkvpV1xlU+5eMePaTosUs14UlSSSb0iuivif4a6N8FBmtg8P+IwYKANFplpEzLyXRZDRNRhnZV7qez83LcaPotf77otgiWotl9+/33L0JIb7zv/WBRJlwCqRWKG3MTtHM7Kri2UijAKzoDORe3fALFvLklfYdbEY0zjV9q6Xx3g0tmWO4Uwepn7rpunI1PR4VMc2chFYuzYqeozWg1DBpJDcKqGeVCYEmOW0wlplxzYXFoG2kMT80iEVvJOtOQwleRYfuwayzmiVSzCGLulC0LZuKV3jxJulTaaqBGGrAuL3LQ75Ms Apx/XOXGp4FeDMZXNb9w4cKxhqgs9CQsC7/VCY6xz6do2v42GSoHa9RvI/WhMp2Te2iouFtzwcnx3ATVWIP7Q9wWl+1WgAH9oNk9I4u1S16TA3JEAtIhXXJBemRIhHfgXXh9b7Dzt/amdlg7WqA73jLmFdlYteAfIjAcCg==</latexit> <latexit sha1_base64="r241QJsLh0uGEbl9TjClwF36SPA=">AAADd3icZZJLb9NAEMfthEcJrxSOHFgaUfVQIjuiSjkghfbSYxyRNlI3itbrcbLq+qF9AJHlK1+Er8CRD8BX4KNwY5wXTbOSx3/t/GZndmbDXAptPO+PW6vfu//g4d6jxuMnT589b+6/uNSZVRyGPJOZGoVMgxQpDI0wEka5ApaEEq7Cm/PKf/UFlBZZ+tnMcxgnbJqKWHBmcGvS/EWNEgwjin4wKMlHQiXEhmKIIQ0awlSkRcKQ+VY2KJP5jE365JCgx6zUlCVJJSlXayLYEMEGCG4Dgw0w+H/EYElAGq0zEqrEdLaqhvIoQ7su99PZeTlptry2t1hkV/gr0eq9+f7754dR sz/Zd3/QKOM2gdRwybS+9ju5GRdMGcEl4BWthpzxGzaFYtHckrzFrYjEmcIvNWSxu8Ulcyx3hmD107dd19bEp+NCpLk1kPLlWbGVxGSkGgaJhAJu5JwwzrEkywym4jOmGDc4tK00mqV6mYiuZYMqSOErz7B92DUas0TIeQQxs9KUBdXxWm+fJGwqTDVQLTQYmxc5qHdJ FgHOP65y49NALwbjq1pcuLDhREFUFmoaloXX7vrH2OdTNB1vlwylhQ3qdZB6X5nuyR00lMxuOP/keGH8aqz+3SHuistO28eAwG/1zpzl2nNeOQfOkeM7XafnXDh9Z+hw98C9cAN3UPtbf10/rB8t0Zq7innpbK26/w9jmByf</latexit><latexit sha1_base64="r241QJsLh0uGEbl9TjClwF36SPA=">AAADd3icZZJLb9NAEMfthEcJrxSOHFgaUfVQIjuiSjkghfbSYxyRNlI3itbrcbLq+qF9AJHlK1+Er8CRD8BX4KNwY5wXTbOSx3/t/GZndmbDXAptPO+PW6vfu//g4d6jxuMnT589b+6/uNSZVRyG PJOZGoVMgxQpDI0wEka5ApaEEq7Cm/PKf/UFlBZZ+tnMcxgnbJqKWHBmcGvS/EWNEgwjin4wKMlHQiXEhmKIIQ0awlSkRcKQ+VY2KJP5jE365JCgx6zUlCVJJSlXayLYEMEGCG4Dgw0w+H/EYElAGq0zEqrEdLaqhvIoQ7su99PZeTlptry2t1hkV/gr0eq9+f7754dR sz/Zd3/QKOM2gdRwybS+9ju5GRdMGcEl4BWthpzxGzaFYtHckrzFrYjEmcIvNWSxu8Ulcyx3hmD107dd19bEp+NCpLk1kPLlWbGVxGSkGgaJhAJu5JwwzrEkywym4jOmGDc4tK00mqV6mYiuZYMqSOErz7B92DUas0TIeQQxs9KUBdXxWm+fJGwqTDVQLTQYmxc5qHdJFgHOP65y49NALwbjq1pcuLDhREFUFmoaloXX7vrH2OdTNB1vlwylhQ3qdZB6X5nuyR00lMxuOP/keGH8aqz+3SHuistO28eAwG/1zpzl2nNeOQfOkeM7XafnXDh9Z+hw98C9cAN3UPtbf10/rB8t0Zq7innpbK26/w9jmByf</latexit>

<latexit sha1_base64="r241QJsLh0uGEbl9TjClwF36SPA=">AAADd3icZZJLb9NAEMfthEcJrxSOHFgaUfVQIjuiSjkghfbSYxyRNlI3itbrcbLq+qF9AJHlK1+Er8CRD8BX4KNwY5wXTbOSx3/t/GZndmbDXAptPO+PW6vfu//g4d6jxuMnT589b+6/uNSZVRyG PJOZGoVMgxQpDI0wEka5ApaEEq7Cm/PKf/UFlBZZ+tnMcxgnbJqKWHBmcGvS/EWNEgwjin4wKMlHQiXEhmKIIQ0awlSkRcKQ+VY2KJP5jE365JCgx6zUlCVJJSlXayLYEMEGCG4Dgw0w+H/EYElAGq0zEqrEdLaqhvIoQ7su99PZeTlptry2t1hkV/gr0eq9+f7754dR sz/Zd3/QKOM2gdRwybS+9ju5GRdMGcEl4BWthpzxGzaFYtHckrzFrYjEmcIvNWSxu8Ulcyx3hmD107dd19bEp+NCpLk1kPLlWbGVxGSkGgaJhAJu5JwwzrEkywym4jOmGDc4tK00mqV6mYiuZYMqSOErz7B92DUas0TIeQQxs9KUBdXxWm+fJGwqTDVQLTQYmxc5qHdJ FgHOP65y49NALwbjq1pcuLDhREFUFmoaloXX7vrH2OdTNB1vlwylhQ3qdZB6X5nuyR00lMxuOP/keGH8aqz+3SHuistO28eAwG/1zpzl2nNeOQfOkeM7XafnXDh9Z+hw98C9cAN3UPtbf10/rB8t0Zq7innpbK26/w9jmByf</latexit> <latexit sha1_base64="aslrW6pdI+KZNbtTT0FZ4i2/OU0=">AAADd3icZZLJbtswEIYlu0vqLnHaYw8lYjTIITUko4FzKZAmlxwto04ChIZBUSOZCLWAS1tD0NP0NfoifZTeOrJlN44JaPSD8w1nOMOwkEIbz/vjttpPnj57vvei8/LV6zf73YO31zq3isOE5zJX tyHTIEUGEyOMhNtCAUtDCTfh/WXtv/kOSos8+2YWBUxTlmQiFpwZ3Jp1f1OjBMOIchSMK/KFUAmxoRhiSIeGkIisTBkyP6sOZbKYs9mIHBH0mEYlLE1rSblaE8GGCDZA8BAYb4Dx/yPGKwKyaJ2RUCWSeVMN5VGOdl3u14vLatbteX1vuciu8BvRc5o1mh24v2iUc5tC ZrhkWt/5g8JMS6aM4BLwilZDwfg9S6BcNrciH3ErInGu8MsMWe5ucekCy50jWP/0Q9edNfHZtBRZYQ1kfHVWbCUxOamHQSKhgBu5IIxzLMkyg6n4nCnGDQ5tK41mmV4lomvZoQoy+MFzbB92jcYsFXIRQcysNFVJdbzW2ycJmwlTD1QLDcYWZQHqU5pHgPOP69z4NNCL wfiqlhcubThTEFWlSsKq9PpD/wT7fIZm4O2SobSwQb0BUp9rMzx9hIaS2Q3nn54sjV+P1X88xF1xPej7GBD4vfOLZsB7znvn0Dl2fGfonDtXzsiZONw9dK/cwB23/rY/tI/axyu05TYx75yt1fb/AdppGZs=</latexit>
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Beweisskizze für Routh's Theorem

• Zur Erinnerung: Determinanten sind linear, d.h. 

• Damit braucht man                    nur noch ausrechnen:
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(1)

2A
(

∆PQR
)

=

∣
∣
∣
∣
∣
∣

Px Qx Rx

Py Qy Ry

1 1 1

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

αPAx + βPBx + γPCx αQAx + βQBx + γQCx αRAx + βRBx + γRCx

αPAy + βPBy + γPCy αQAy + βQBy + γQCy αRAy + βRBy + γRCy

αP + βP + γP
︸ ︷︷ ︸

1

αQ + βQ + γQ αR + βR + γR

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

<latexit sha1_base64="nh1hBZ3+FOcqoHJAc+AicJH/C0E=">AAAE8XicZVNLb9QwEE6XBUp4tIUjF4uKCkGpkoiqvVQq7YXj7oo+pGYVOY6zteo85EepFeWHIHFAcORfcIU/wL9hkmx3111LtmfGn2c+z3jikjOpPO/fSu9e//6Dh6uP3MdPnj5bW994fioLLQg9 IQUvxHmMJeUspyeKKU7PS0FxFnN6Fl8dN+dn11RIVuSflSnpOMOTnKWMYAWmaKO3G8Z0wvIq01w1Tt7WboBCJRgGN9VgOKrRAQrDC5/ejJE7BV9nGBA3tTuIbhDaQsNuG8EWhmA0ndF0RtMYfRC76YY0T2YukHuw5DXEvLzE0QB9BIfvEByrRjvqtAnOskY9BnULTbFD Czu0sUMbO7KwIxs7arHw4AAevMjEWEyMzcTYTIzFxNhMjM3EWEyMzcTMmeg8oSIWmNBqxmrOaM6mjiq/XqQzp7JAY4HCPPw89N0aterCF4nWN70drx1oWfCnwqYzHYNoY+VnmBREZzRXhGMpL/ygVOMKC8UIp1BzLWmJyRWe0Kr91jV6DaYEpYWAmSvUWi1cZoDgJQCb TS4eXWiV7o8rlpda0Zx0vlLNkSpQ0wYoYYISxQ3ChAAljRWEIpcY8qugXawwEueyCxTeim4oaE6/kAKyBZkJU5wxbhKaYshRXYUyvZVtT0znTDU/XDJJlS6rkor3WZFQaLK0iQ1NCadwGfLcPrjScSRoUldiEteVt7Pnb0Oe92EJvGVkzDWdQb0AUB+aZW/3DjTmWM9w /u52u/g1lNW/W8Rl4TTY8eHCMNg8PJoWeNV56bxy3ji+s+ccOp+cgXPikN633u/en97fvux/7X/v/+igvZXpnReONfq//gP9nJDF</latexit> <latexit sha1_base64="nh1hBZ3+FOcqoHJAc+AicJH/C0E=">AAAE8XicZVNLb9QwEE6XBUp4tIUjF4uKCkGpkoiqvVQq7YXj7oo+pGYVOY6zteo85EepFeWHIHFAcORfcIU/wL9hkmx3111LtmfGn2c+z3jikjOpPO/fSu9e//6Dh6uP3MdPnj5bW994fioLLQg9 IQUvxHmMJeUspyeKKU7PS0FxFnN6Fl8dN+dn11RIVuSflSnpOMOTnKWMYAWmaKO3G8Z0wvIq01w1Tt7WboBCJRgGN9VgOKrRAQrDC5/ejJE7BV9nGBA3tTuIbhDaQsNuG8EWhmA0ndF0RtMYfRC76YY0T2YukHuw5DXEvLzE0QB9BIfvEByrRjvqtAnOskY9BnULTbFD Czu0sUMbO7KwIxs7arHw4AAevMjEWEyMzcTYTIzFxNhMjM3EWEyMzcTMmeg8oSIWmNBqxmrOaM6mjiq/XqQzp7JAY4HCPPw89N0aterCF4nWN70drx1oWfCnwqYzHYNoY+VnmBREZzRXhGMpL/ygVOMKC8UIp1BzLWmJyRWe0Kr91jV6DaYEpYWAmSvUWi1cZoDgJQCb TS4eXWiV7o8rlpda0Zx0vlLNkSpQ0wYoYYISxQ3ChAAljRWEIpcY8qugXawwEueyCxTeim4oaE6/kAKyBZkJU5wxbhKaYshRXYUyvZVtT0znTDU/XDJJlS6rkor3WZFQaLK0iQ1NCadwGfLcPrjScSRoUldiEteVt7Pnb0Oe92EJvGVkzDWdQb0AUB+aZW/3DjTmWM9w /u52u/g1lNW/W8Rl4TTY8eHCMNg8PJoWeNV56bxy3ji+s+ccOp+cgXPikN633u/en97fvux/7X/v/+igvZXpnReONfq//gP9nJDF</latexit> <latexit sha1_base64="nh1hBZ3+FOcqoHJAc+AicJH/C0E=">AAAE8XicZVNLb9QwEE6XBUp4tIUjF4uKCkGpkoiqvVQq7YXj7oo+pGYVOY6zteo85EepFeWHIHFAcORfcIU/wL9hkmx3111LtmfGn2c+z3jikjOpPO/fSu9e//6Dh6uP3MdPnj5bW994fioLLQg9 IQUvxHmMJeUspyeKKU7PS0FxFnN6Fl8dN+dn11RIVuSflSnpOMOTnKWMYAWmaKO3G8Z0wvIq01w1Tt7WboBCJRgGN9VgOKrRAQrDC5/ejJE7BV9nGBA3tTuIbhDaQsNuG8EWhmA0ndF0RtMYfRC76YY0T2YukHuw5DXEvLzE0QB9BIfvEByrRjvqtAnOskY9BnULTbFD Czu0sUMbO7KwIxs7arHw4AAevMjEWEyMzcTYTIzFxNhMjM3EWEyMzcTMmeg8oSIWmNBqxmrOaM6mjiq/XqQzp7JAY4HCPPw89N0aterCF4nWN70drx1oWfCnwqYzHYNoY+VnmBREZzRXhGMpL/ygVOMKC8UIp1BzLWmJyRWe0Kr91jV6DaYEpYWAmSvUWi1cZoDgJQCb TS4eXWiV7o8rlpda0Zx0vlLNkSpQ0wYoYYISxQ3ChAAljRWEIpcY8qugXawwEueyCxTeim4oaE6/kAKyBZkJU5wxbhKaYshRXYUyvZVtT0znTDU/XDJJlS6rkor3WZFQaLK0iQ1NCadwGfLcPrjScSRoUldiEteVt7Pnb0Oe92EJvGVkzDWdQb0AUB+aZW/3DjTmWM9w /u52u/g1lNW/W8Rl4TTY8eHCMNg8PJoWeNV56bxy3ji+s+ccOp+cgXPikN633u/en97fvux/7X/v/+igvZXpnReONfq//gP9nJDF</latexit><latexit sha1_base64="nh1hBZ3+FOcqoHJAc+AicJH/C0E=">AAAE8XicZVNLb9QwEE6XBUp4tIUjF4uKCkGpkoiqvVQq7YXj7oo+pGYVOY6zteo85EepFeWHIHFAcORfcIU/wL9hkmx3111LtmfGn2c+z3jikjOpPO/fSu9e//6Dh6uP3MdPnj5bW994fioLLQg9 IQUvxHmMJeUspyeKKU7PS0FxFnN6Fl8dN+dn11RIVuSflSnpOMOTnKWMYAWmaKO3G8Z0wvIq01w1Tt7WboBCJRgGN9VgOKrRAQrDC5/ejJE7BV9nGBA3tTuIbhDaQsNuG8EWhmA0ndF0RtMYfRC76YY0T2YukHuw5DXEvLzE0QB9BIfvEByrRjvqtAnOskY9BnULTbFD Czu0sUMbO7KwIxs7arHw4AAevMjEWEyMzcTYTIzFxNhMjM3EWEyMzcTMmeg8oSIWmNBqxmrOaM6mjiq/XqQzp7JAY4HCPPw89N0aterCF4nWN70drx1oWfCnwqYzHYNoY+VnmBREZzRXhGMpL/ygVOMKC8UIp1BzLWmJyRWe0Kr91jV6DaYEpYWAmSvUWi1cZoDgJQCb TS4eXWiV7o8rlpda0Zx0vlLNkSpQ0wYoYYISxQ3ChAAljRWEIpcY8qugXawwEueyCxTeim4oaE6/kAKyBZkJU5wxbhKaYshRXYUyvZVtT0znTDU/XDJJlS6rkor3WZFQaLK0iQ1NCadwGfLcPrjScSRoUldiEteVt7Pnb0Oe92EJvGVkzDWdQb0AUB+aZW/3DjTmWM9w /u52u/g1lNW/W8Rl4TTY8eHCMNg8PJoWeNV56bxy3ji+s+ccOp+cgXPikN633u/en97fvux/7X/v/+igvZXpnReONfq//gP9nJDF</latexit> <latexit sha1_base64="nh1hBZ3+FOcqoHJAc+AicJH/C0E=">AAAE8XicZVNLb9QwEE6XBUp4tIUjF4uKCkGpkoiqvVQq7YXj7oo+pGYVOY6zteo85EepFeWHIHFAcORfcIU/wL9hkmx3111LtmfGn2c+z3jikjOpPO/fSu9e//6Dh6uP3MdPnj5bW994fioLLQg9 IQUvxHmMJeUspyeKKU7PS0FxFnN6Fl8dN+dn11RIVuSflSnpOMOTnKWMYAWmaKO3G8Z0wvIq01w1Tt7WboBCJRgGN9VgOKrRAQrDC5/ejJE7BV9nGBA3tTuIbhDaQsNuG8EWhmA0ndF0RtMYfRC76YY0T2YukHuw5DXEvLzE0QB9BIfvEByrRjvqtAnOskY9BnULTbFD Czu0sUMbO7KwIxs7arHw4AAevMjEWEyMzcTYTIzFxNhMjM3EWEyMzcTMmeg8oSIWmNBqxmrOaM6mjiq/XqQzp7JAY4HCPPw89N0aterCF4nWN70drx1oWfCnwqYzHYNoY+VnmBREZzRXhGMpL/ygVOMKC8UIp1BzLWmJyRWe0Kr91jV6DaYEpYWAmSvUWi1cZoDgJQCb TS4eXWiV7o8rlpda0Zx0vlLNkSpQ0wYoYYISxQ3ChAAljRWEIpcY8qugXawwEueyCxTeim4oaE6/kAKyBZkJU5wxbhKaYshRXYUyvZVtT0znTDU/XDJJlS6rkor3WZFQaLK0iQ1NCadwGfLcPrjScSRoUldiEteVt7Pnb0Oe92EJvGVkzDWdQb0AUB+aZW/3DjTmWM9w /u52u/g1lNW/W8Rl4TTY8eHCMNg8PJoWeNV56bxy3ji+s+ccOp+cgXPikN633u/en97fvux/7X/v/+igvZXpnReONfq//gP9nJDF</latexit>

A
(

∆PQR
)

<latexit sha1_base64="SqecWaCUVu4ucv1Lm+ZVehnGnGg=">AAACxnicZZHfb9MwEMfd8GsUxjZ4QeLFokLiYVRJxdS9TKrgZY8dotukpSqOc+ms2U6wz2yVFYn/glcQEv8T/w1Ouk10PSmXr+4+57PvskoKi3H8txPdu//g4aONx90nTzefbW3vPD+2pTMcJryU pTnNmAUpNExQoITTygBTmYST7OJjkz/5BsaKUn/GRQVTxeZaFIIzDKFpikawwPvx0ad6tt2L+3FrdF0k16I3ern55wshZDzb6fxO85I7BRq5ZNaeJYMKp54ZFFxC3U2dhYrxCzYH3961pm9CKKdFacKnkbbRFU4tFMPzADY/+3/qzGGxP/VCVw5B8+VZhZMUS9q8jebCAEe5oIzzcCXHMLTi58wwjmEGK20s03bZKL2R3dSAhkteKsV07tOCKSEXORTMSax9aosbvXqScFrgVQhaYQFd5Ssw71SZAz2gRdM7TDpkQ3FYUvtg77KZgbz2Zp7VPu4Pk90w5/3gBvE6mUkHt2g8CNT7xg337qCZZO6WS/Z2W5c0a03uLnFdHA/6SSg4SnqjD2RpG+QV eU3ekoQMyYgckjGZEE6+kh/kJ/kVHUY6ctHlEo061zUvyIpF3/8ByzTfVg==</latexit><latexit sha1_base64="zVOwJdXlK8RmJ+4ABAHV36U7TT8=">AAACxnicZZFRb9MwEMfdMGAUxjZ4QeLFokLaw6iSiqnjAamClz12iG6Tlqq6OJfOmuME+8yookh8C15BSHwnvg1Ouk10PSmXv+5+57PvklJJS2H4txPc27j/4OHmo+7jJ1tPt3d2n53YwhmBE1Go wpwlYFFJjROSpPCsNAh5ovA0ufzY5E+/orGy0J9pUeI0h7mWmRRAPjSNyUjwfDU+/lTPdnphP2yNr4voWvRGL7b+wN67jfFst/M7TgvhctQkFFh7Hg1KmlZgSAqFdTd2FksQlzDHqr1rzV/7UMqzwvhPE2+jK1y+yIEuPNj87P+pc0fZ4bSSunSEWizPypziVPDmbTyV BgWpBQch/JUckG8lLsCAID+DlTYWtF02im9kNzao8UoUeQ46reIMcqkWKWbgFNVVbLMbvXqSdFrSNx+00iK5sirRvMmLFPl7njW9/aR91hf7JbUPrlwyM5jWlZkndRX2h9G+n/Ohd4NwnUyUw1s0HHjqbeOGB3fQRIG75aKD/dZFzVqju0tcFyeDfuQLjqPe6ANb2iZ7yV6xPRaxIRuxIzZmEybYF/aD/WS/gqNABy64WqJB57rmOVux4Ps/p1nfvA==</latexit><latexit sha1_base64="zVOwJdXlK8RmJ+4ABAHV36U7TT8=">AAACxnicZZFRb9MwEMfdMGAUxjZ4QeLFokLaw6iSiqnjAamClz12iG6Tlqq6OJfOmuME+8yookh8C15BSHwnvg1Ouk10PSmXv+5+57PvklJJS2H4txPc27j/4OHmo+7jJ1tPt3d2n53YwhmBE1Go wpwlYFFJjROSpPCsNAh5ovA0ufzY5E+/orGy0J9pUeI0h7mWmRRAPjSNyUjwfDU+/lTPdnphP2yNr4voWvRGL7b+wN67jfFst/M7TgvhctQkFFh7Hg1KmlZgSAqFdTd2FksQlzDHqr1rzV/7UMqzwvhPE2+jK1y+yIEuPNj87P+pc0fZ4bSSunSEWizPypziVPDmbTyV BgWpBQch/JUckG8lLsCAID+DlTYWtF02im9kNzao8UoUeQ46reIMcqkWKWbgFNVVbLMbvXqSdFrSNx+00iK5sirRvMmLFPl7njW9/aR91hf7JbUPrlwyM5jWlZkndRX2h9G+n/Ohd4NwnUyUw1s0HHjqbeOGB3fQRIG75aKD/dZFzVqju0tcFyeDfuQLjqPe6ANb2iZ7yV6xPRaxIRuxIzZmEybYF/aD/WS/gqNABy64WqJB57rmOVux4Ps/p1nfvA==</latexit>

<latexit sha1_base64="zVOwJdXlK8RmJ+4ABAHV36U7TT8=">AAACxnicZZFRb9MwEMfdMGAUxjZ4QeLFokLaw6iSiqnjAamClz12iG6Tlqq6OJfOmuME+8yookh8C15BSHwnvg1Ouk10PSmXv+5+57PvklJJS2H4txPc27j/4OHmo+7jJ1tPt3d2n53YwhmBE1Go wpwlYFFJjROSpPCsNAh5ovA0ufzY5E+/orGy0J9pUeI0h7mWmRRAPjSNyUjwfDU+/lTPdnphP2yNr4voWvRGL7b+wN67jfFst/M7TgvhctQkFFh7Hg1KmlZgSAqFdTd2FksQlzDHqr1rzV/7UMqzwvhPE2+jK1y+yIEuPNj87P+pc0fZ4bSSunSEWizPypziVPDmbTyV BgWpBQch/JUckG8lLsCAID+DlTYWtF02im9kNzao8UoUeQ46reIMcqkWKWbgFNVVbLMbvXqSdFrSNx+00iK5sirRvMmLFPl7njW9/aR91hf7JbUPrlwyM5jWlZkndRX2h9G+n/Ohd4NwnUyUw1s0HHjqbeOGB3fQRIG75aKD/dZFzVqju0tcFyeDfuQLjqPe6ANb2iZ7 yV6xPRaxIRuxIzZmEybYF/aD/WS/gqNABy64WqJB57rmOVux4Ps/p1nfvA==</latexit> <latexit sha1_base64="VhOevFjRATEg9g/4lkiPqjSWI7k=">AAACxnicZZHNbtswDMcV76vLvtrtuIuwYMAOXWAHLdJLgWK79JgOS1ugDgJaplOhsuxJ1NpAMLC32HXDnmpvMzlJi6UhYPoP8kdRIrNaSUtx/LcTPXj46PGTrafdZ89fvHy1vfP61FbOCByLSlXm PAOLSmockySF57VBKDOFZ9nV5zZ/9h2NlZX+SvMaJyXMtCykAAqhSUpGQuD96ORLM93uxf14YXxTJCvRYysbTXc6f9K8Eq5ETUKBtRfJoKaJB0NSKGy6qbNYg7iCGfrFXRv+PoRyXlQmfJr4IrrGlfMS6DKA7c/+n7pwVBxMvNS1I9RieVbhFKeKt2/juTQoSM05CBGu 5IBCK3EJBgSFGay1saDtslF6K7upQY3XoipL0LlPCyilmudYgFPU+NQWt3r9JOm0pJsQtNIiudrXaD6WVY78kBdt7zDpkA3FYUmLB3uXTQ3mjTezrPFxf5jshjkfBDeIN8lMObxD40Gg9lo33L+HZgrcHZfs7y5c0q41ub/ETXE66Ceh4CTpHX1aLXiLvWXv2AeWsCE7 YsdsxMZMsG/sJ/vFfkfHkY5cdL1Eo86q5g1bs+jHP7dx3es=</latexit>
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= αP ·

∣

∣

∣

∣

∣

∣

Ax . . . s. eq. (1) . . . . . .

Ay . . . . . .

1 . . . . . .

∣

∣

∣

∣

∣

∣

+ βP ·

∣

∣

∣

∣

∣

∣

Bx . . . . . .

By . . . . . .

1 . . . . . .

∣

∣

∣

∣

∣

∣

+ γP ·

∣

∣

∣

∣

∣

∣

Cx . . . . . .

Cy . . . . . .

1 . . . . . .

∣

∣

∣

∣

∣

∣

<latexit sha1_base64="/3qFTPKAtyPn/3v7OXAf6MjOSVE=">AAAEOnicpVNLb9NAEN4kPIrLo+Vx4rJQgYookR1RpZdKJblwDBJpK3WraL0eJ6uuH+yjNLLMkT/C3+DAkb/AFYkD4soPYJI0bdKIHmAkj8cz38w33pkNcyWN9f1vlWrtytVr15dueMs3b92+s7J6 d9dkTgvoikxlej/kBpRMoWulVbCfa+BJqGAvPGqP4nvHoI3M0rd2mMNhwvupjKXgFl291cqHbcq4yge816FMRJmlHguhL9PiOOFWy5PSe9U7oU8pUxg0lFk4sYWpMwrvUK0Hz8pp6BzDMGd4/j0bCBbdHoM0OqOj3nOKHdhLGmrNNjRbvPV/rH2eJJfQtv9G2/532t7Kml/3x0IXjeDUWNt59PHrF0JIByf2iUWZcAmkVihuzEHQyO1hwbWVQkHpMWcg5+KI96EY70dJn6AronGm8UktHXvncMkQ+xkgcPQys6EDZ+Otw0KmubOQikmt2ClqMzraJxpJDcKqIeVCYEuOW6QSA665sLh3czSGp2ZCxKamxzSk8F5kePJ4LizmiVTDCGLulC0LZuKp PV9JulRanAkz0oB1eZGDfpFkEdBtGo+4cbsxisl4McY/XLiwpyEqC90Py8KvN4MNPOctVA1/ERkqB2dQv4GolyPV3LwADRV3Z7hgc2OsghLHGlwc4qKx26gHmPAG59siE1kiD8ljsk4C0iQ75DXpkC4RlR/V5er96oPa59r32s/arwm0WjnNuUfmpPb7D/zxW/Q=</latexit><latexit sha1_base64="h+vbPPpDc26bi0tDIvg/TravjKM=">AAAEOnicpVPNbtNAEHZiforLT8vPictCBSpqieyIquVQqaQXjkEibaVuFa3X43TV9drsT2lkmSMvwitw5AF4Ba5IHBBXHoBJ0rRJI3qAkTwez3wz33hnNi6kMDYMv9Xq/pWr167P3Qjmb966fWdh 8e6OyZ3m0OG5zPVezAxIoaBjhZWwV2hgWSxhNz7aHsR3j0Ebkau3tl/AQcZ6SqSCM4uu7mLtwyahTBaHrNsmlCe5JQGNoSdUeZwxq8VJFbzqnpCnhEoMGkItnNjSNCiBd6iWo2fVOHSOoZjTP/+eDESz7oCCSs7oSLBCsAN7SUOtyYYmi7f+j7XHsuwS2u2/0W7/O213 YSlshEMhs0Z0aixtPfr49fPLvYU2TuwTTXLuMlCWS2bMftQs7EHJtBVcQhVQZ6Bg/Ij1oBzuR0WeoCshaa7xUZYMvVO4rI/9HCJw8DKToX1n042DUqjCWVB8VCt1kticDPaJJEIDt7JPGOfYkmMWqfgh04xb3LspGsOUGRHRsRlQDQre8xxPHs+FpiwTsp9Aypy0VUlNOranKwmnhMWZUCMMWFeUBejnWZ4A2STpgBu3G6OYjBdj+MOli7sakqrUvbgqw8Z6tIrnvIGqGc4iY+ngDBo2EfVioNbXLkBjydwZLlpbHaqowrFGF4c4a+w0GxEmvMH5tryRzHkPvcfeshd5696W99prex2P137U5+v36w/8L/53/6f/awSt105z7nlT4v/+Az5oXIk= </latexit><latexit sha1_base64="h+vbPPpDc26bi0tDIvg/TravjKM=">AAAEOnicpVPNbtNAEHZiforLT8vPictCBSpqieyIquVQqaQXjkEibaVuFa3X43TV9drsT2lkmSMvwitw5AF4Ba5IHBBXHoBJ0rRJI3qAkTwez3wz33hnNi6kMDYMv9Xq/pWr167P3Qjmb966fWdh8e6OyZ3m0OG5zPVezAxIoaBjhZWwV2hgWSxhNz7aHsR3j0Ebkau3tl/AQcZ6SqSCM4uu7mLtwyahTBaHrNsmlCe5JQGNoSdUeZwxq8VJFbzqnpCnhEoMGkItnNjSNCiBd6iWo2fVOHSOoZjTP/+eDESz7oCCSs7oSLBCsAN7SUOtyYYmi7f+j7XHsuwS2u2/0W7/O213 YSlshEMhs0Z0aixtPfr49fPLvYU2TuwTTXLuMlCWS2bMftQs7EHJtBVcQhVQZ6Bg/Ij1oBzuR0WeoCshaa7xUZYMvVO4rI/9HCJw8DKToX1n042DUqjCWVB8VCt1kticDPaJJEIDt7JPGOfYkmMWqfgh04xb3LspGsOUGRHRsRlQDQre8xxPHs+FpiwTsp9Aypy0VUlN OranKwmnhMWZUCMMWFeUBejnWZ4A2STpgBu3G6OYjBdj+MOli7sakqrUvbgqw8Z6tIrnvIGqGc4iY+ngDBo2EfVioNbXLkBjydwZLlpbHaqowrFGF4c4a+w0GxEmvMH5tryRzHkPvcfeshd5696W99prex2P137U5+v36w/8L/53/6f/awSt105z7nlT4v/+Az5oXIk=</latexit>

<latexit sha1_base64="h+vbPPpDc26bi0tDIvg/TravjKM=">AAAEOnicpVPNbtNAEHZiforLT8vPictCBSpqieyIquVQqaQXjkEibaVuFa3X43TV9drsT2lkmSMvwitw5AF4Ba5IHBBXHoBJ0rRJI3qAkTwez3wz33hnNi6kMDYMv9Xq/pWr167P3Qjmb966fWdh 8e6OyZ3m0OG5zPVezAxIoaBjhZWwV2hgWSxhNz7aHsR3j0Ebkau3tl/AQcZ6SqSCM4uu7mLtwyahTBaHrNsmlCe5JQGNoSdUeZwxq8VJFbzqnpCnhEoMGkItnNjSNCiBd6iWo2fVOHSOoZjTP/+eDESz7oCCSs7oSLBCsAN7SUOtyYYmi7f+j7XHsuwS2u2/0W7/O213 YSlshEMhs0Z0aixtPfr49fPLvYU2TuwTTXLuMlCWS2bMftQs7EHJtBVcQhVQZ6Bg/Ij1oBzuR0WeoCshaa7xUZYMvVO4rI/9HCJw8DKToX1n042DUqjCWVB8VCt1kticDPaJJEIDt7JPGOfYkmMWqfgh04xb3LspGsOUGRHRsRlQDQre8xxPHs+FpiwTsp9Aypy0VUlN OranKwmnhMWZUCMMWFeUBejnWZ4A2STpgBu3G6OYjBdj+MOli7sakqrUvbgqw8Z6tIrnvIGqGc4iY+ngDBo2EfVioNbXLkBjydwZLlpbHaqowrFGF4c4a+w0GxEmvMH5tryRzHkPvcfeshd5696W99prex2P137U5+v36w/8L/53/6f/awSt105z7nlT4v/+Az5oXIk= </latexit><latexit sha1_base64="IOH2Qn9QkwAATFYEPOjLm9WnUiA=">AAAEOnicpVNLb9NAEHZiHsXl0fI4cVkRgYookR1RtZdKJblwDBJpK3WjaL0eJ6uuH+yjJLLMn+Fv8Ee4InFAXPkBTJ5NGtEDjOTxeOab+cY7s2EuhTa+/61SdW/cvHV74463effe/Qdb2w+PdWYV hw7PZKZOQ6ZBihQ6RhgJp7kCloQSTsLz1jh+cgFKiyz9YEY5dBPWT0UsODPo6m1XPh8SymQ+YL02oTzKDPFoCH2RFhcJM0oMS+9tb0heECoxqAk1MDSFrlMCH1HtBC/LeegSQzFndPm9HAjW3R6FNFrQEe8VwQ7MNQ01lxtaLt78P9Y+S5JraFt/o239O21vq+bX/YmQ dSOYGTVnJm2c2BcaZdwmkBoumdZnQSM33YIpI7iE0qNWQ874OetDMdmPkjxHV0TiTOGTGjLxruCSEfYzQOD4pZdDZ9bEB91CpLk1kPJprdhKYjIy3icSCQXcyBFhnGNLlhmk4gOmGDe4dys0mqV6SkTnpkcVpPCJZ3jyeC40ZomQowhiZqUpC6rjub1aSdhUGJwJ1UKD sXmRg3qdZBGQQxKPuXG7MYrJeDEmP1zYsKcgKgvVD8vCr+8Hu3jOB6ga/joylBYWUL+BqDdjtb93BRpKZhe4YG93ooISxxpcHeK6cdyoB5jw3q8dNWcD3nCeOs+cHSdw9p0j553TdjoOr/yoblYfV5+4X93v7k/31xRarcxyHjkr4v7+A7U5WYU=</latexit>
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<latexit sha1_base64="1zeilRY5lg+JeFGNjoagYn0q3Wg=">AAAELHiclVNLb9NAEN4k0BbzauHIZUUFKmqp7IiqvVSU5sIxlehD6kbRej1OVl2vrX2URpYl/gt3/gZ/AAkhxJV/gcQ4aQrp49CVPJ799pv51jPjuFDSujD80Wi27tydm1+4F9x/8PDR48WlJwc2 90bAvshVbo5ibkFJDftOOgVHhQGexQoO45NOfX54CsbKXH9wowJ6GR9omUrBHUL9pUaxTVkx5NrlWblaUcYV7vpdykSSO8oUpG4lmMJ7lHmdgIkNF1AGLIaB1OVpxp2RZ1Xwrn9GX9KJZQrjLaYxCI/G8GgWjnAbXUABA538S1X1w2CVooBD1RuEdq8X2r2NEK1VBjzL6o+7QadzvU7ndjrMyMHQvQr6i8vhejhe9KoTnTvLb78G258IIV3s0WeW5MJnoJ1Q3NrjqF24XsmNk0JBFTBvoeDihA+gHE9ERV8glNA0N/hoR8foDC8b4cWGSKxf9v+jY+/SrV4pdeEdaDHJlXpFXU7rCaKJNCCcGlEuBF7Jc4dSYshxJhxO2oyM5dpOhNjUxUKAho8i x5pjgVjKM6lGCaTcK1eVzKZTfzaT9Fo67Amz0oLzRVmAeZ3lCdBtmtbaOM94isH4K4w/uPRx30BSlWYQV2W4vhmtYZ230LTDq8xYebighm1kvanN5sYlaqy4v+BFG2tjE1XY1uhyE686B+31CAP2wuWdXTJZC+QZeU5WSEQ2yQ55T7pkn4jG98af5lxzvvWl9a31s/VrQm02zmOekpnV+v0XiL9Uiw==</latexit><latexit sha1_base64="UhbQMYDlg6FMT3bHtz0pb3R2dok=">AAAELHiclVPNTttAEHaSFqj7A7THXlZFraigkR0VwSUqDZceQSo/EhtF6/U4WbFeW/tDiSw/Dfe+Rl+gEqqqXvsWlTpOSNoQOLCSx7PffjPfemYc5VIYGwQ/avXGg4cLi0uP/MdPnj5bXll9fmQy pzkc8kxm+iRiBqRQcGiFlXCSa2BpJOE4Oturzo/PQRuRqc92mEM3ZX0lEsGZRai3WsvbhOYDpmyWFhsloUzirrdPKI8zS6iExK77E/iAUKdi0JFmHAqfRtAXqjhPmdXiovQ/9i7IGzK2VGK8wTQa4eEIHs7CIW7DKeRTUPG/VGUv8DcIClhUvUOoc7tQ5z5CpFLpszStPu4Onb3bdfbup0O16A/sW7+3shY0g9Ei80547ax9+Oa388srfx97dEnjjLsUlOWSGXMatnLbLZi2gksofeoM5IyfsT4Uo4koyWuEYpJkGh9lyQid4aVDvNgAidXL/H906myy0y2Eyp0Fxce5EieJzUg1QSQWGriVQ8I4xys5ZlGKDxjOhMVJm5ExTJmxEJ24WAhQ8IVn WHMsEE1YKuQwhoQ5acuCmmTiz2YSTgmLPaFGGLAuL3LQ79IsBtImSaWN84ynGIy/wuiDCxf1NMRloftRWQTN7XAT67yDphXMMyPpYEoNWsh6X5ntrRvUSDI35YVbmyMTltjW8GYT552jVjPEgINgbbfjjdeS99J75a17obft7XqfvH3v0OO1q9qf+kJ9sfG18b3xs/Fr TK3XrmNeeDOr8fsvq4VV/w==</latexit><latexit sha1_base64="UhbQMYDlg6FMT3bHtz0pb3R2dok=">AAAELHiclVPNTttAEHaSFqj7A7THXlZFraigkR0VwSUqDZceQSo/EhtF6/U4WbFeW/tDiSw/Dfe+Rl+gEqqqXvsWlTpOSNoQOLCSx7PffjPfemYc5VIYGwQ/avXGg4cLi0uP/MdPnj5bXll9fmQypzkc8kxm+iRiBqRQcGiFlXCSa2BpJOE4Oturzo/PQRuRqc92mEM3ZX0lEsGZRai3WsvbhOYDpmyWFhsloUzirrdPKI8zS6iExK77E/iAUKdi0JFmHAqfRtAXqjhPmdXiovQ/9i7IGzK2VGK8wTQa4eEIHs7CIW7DKeRTUPG/VGUv8DcIClhUvUOoc7tQ5z5CpFLpszSt Pu4Onb3bdfbup0O16A/sW7+3shY0g9Ei80547ax9+Oa388srfx97dEnjjLsUlOWSGXMatnLbLZi2gksofeoM5IyfsT4Uo4koyWuEYpJkGh9lyQid4aVDvNgAidXL/H906myy0y2Eyp0Fxce5EieJzUg1QSQWGriVQ8I4xys5ZlGKDxjOhMVJm5ExTJmxEJ24WAhQ8IVnWHMsEE1YKuQwhoQ5acuCmmTiz2YSTgmLPaFGGLAuL3LQ79IsBtImSaWN84ynGIy/wuiDCxf1NMRloftRWQTN7XAT67yDphXMMyPpYEoNWsh6X5ntrRvUSDI35YVbmyMTltjW8GYT552jVjPEgINgbbfjjdeS99J75a17obft7XqfvH3v0OO1q9qf+kJ9sfG18b3xs/Fr TK3XrmNeeDOr8fsvq4VV/w==</latexit>

<latexit sha1_base64="UhbQMYDlg6FMT3bHtz0pb3R2dok=">AAAELHiclVPNTttAEHaSFqj7A7THXlZFraigkR0VwSUqDZceQSo/EhtF6/U4WbFeW/tDiSw/Dfe+Rl+gEqqqXvsWlTpOSNoQOLCSx7PffjPfemYc5VIYGwQ/avXGg4cLi0uP/MdPnj5bXll9fmQy pzkc8kxm+iRiBqRQcGiFlXCSa2BpJOE4Oturzo/PQRuRqc92mEM3ZX0lEsGZRai3WsvbhOYDpmyWFhsloUzirrdPKI8zS6iExK77E/iAUKdi0JFmHAqfRtAXqjhPmdXiovQ/9i7IGzK2VGK8wTQa4eEIHs7CIW7DKeRTUPG/VGUv8DcIClhUvUOoc7tQ5z5CpFLpszSt Pu4Onb3bdfbup0O16A/sW7+3shY0g9Ei80547ax9+Oa388srfx97dEnjjLsUlOWSGXMatnLbLZi2gksofeoM5IyfsT4Uo4koyWuEYpJkGh9lyQid4aVDvNgAidXL/H906myy0y2Eyp0Fxce5EieJzUg1QSQWGriVQ8I4xys5ZlGKDxjOhMVJm5ExTJmxEJ24WAhQ8IVn WHMsEE1YKuQwhoQ5acuCmmTiz2YSTgmLPaFGGLAuL3LQ79IsBtImSaWN84ynGIy/wuiDCxf1NMRloftRWQTN7XAT67yDphXMMyPpYEoNWsh6X5ntrRvUSDI35YVbmyMTltjW8GYT552jVjPEgINgbbfjjdeS99J75a17obft7XqfvH3v0OO1q9qf+kJ9sfG18b3xs/Fr TK3XrmNeeDOr8fsvq4VV/w==</latexit><latexit sha1_base64="maD8pm/lmoW+AVveA61h+pErmEw=">AAAELHiclVNLb9NAEHZiaIt5tIUjlxURqKilsiOq9lKppBeOrUTaSt0qWq/HyarrtbWPUsvyr+HOr0FCCHHlXyAxTtJA+jh0JY9nv/1mvvXMOC6kMDYMf7Ta/oOHC4tLj4LHT54+W15ZfX5kcqc5 9Hkuc30SMwNSKOhbYSWcFBpYFks4js/3m/PjC9BG5OqTLQs4y9hQiVRwZhEarLaKXUKLEVM2z6r1mlAmcTc4IJQnuSVUQmrXgiv4kFCnEtCxZhyqgMYwFKq6yJjV4rIOPgwuyRsysVRivME0GuFyDJfzcITbaAYFFFTyL1U9CIN1ggIWVe8Q6t0u1LuPEGlUhizLmo+7 Q2f/dp39++lQLYYj+zYYrHTCzXC8yE0nmjodb7oOsEdfaJJzl4GyXDJjTqNuYc8qpq3gEuqAOgMF4+dsCNV4ImryGqGEpLnGR1kyRud4WYkXGyGxeZn/j06dTXfOKqEKZ0HxSa7USWJz0kwQSYQGbmVJGOd4JccsSvERw5mwOGlzMoYpMxGiVy4WAhR85jnWHAtEU5YJ WSaQMidtXVGTXvnzmYRTwmJPqBEGrCuqAvS7LE+A7JK00cZ5xlMMxl9h/MGViwcakrrSw7iuws3taAPrvIOmG95kxtLBjBp2kfW+Mdtb16ixZG7Gi7Y2xiaqsa3R9SbedI66mxEGHIadvd60wUveS++Vt+ZF3ra35330Dry+x1vfW3/aC+1F/6v/zf/p/5pQ261pzAtv bvm//wKfP1K+</latexit>
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<latexit sha1_base64="vZ8knKSblUEoRYh21diOg5vxb8U=">AAAEJniclVNLb9QwEPbu8ijh1cKRi0UFKqJUyYqqvVSU7YXjrkQfUl1FjjPZNXWcyI/SVRSJ/8KFf8INiQNC3PgXXJnNtoVtC1ItZTz5/I0/e2aclEpaF4Y/Wu3Otes3bs7dCm7fuXvv/vzCgx1b eCNgWxSqMHsJt6Ckhm0nnYK90gDPEwW7yeHWZH33CIyVhX7rxiUc5HyoZSYFdwjFC613zylLwPG4T5lIC0cDpiBzSzhzVY54PEAvgaHU1VHOnZHHddCLj+lT+rqxTGGQxViD8LiBx7NwhL/RHyhgoNOzvWhwqj+gzOsUTGK4gOofmr3LNXtX1KzjsBEe8jz/zw23LlfbuqIaM3I4cs+CeH4xXAmbQS860Ymz+OpzsPGBENLH6nxkaSF8DtoJxa3dj7qlO6i4cVIoqAPmLZRcHPIhVE0v1PQJQinNCoOfdrRBZ3j5GA82QuJksn8v7XuXrR9UUpfegRbTvTKvqCvopHdoKg0Ip8aUC4FH8tyhlBhxrJjDHpuRsVzbqRA7dTERoOG9KDDpmCCW8Vyq cQoZ98rVFbPZqT+7k/RaOiwKs9KC82VVgnmRFynQDZpNtLGTcRWD8RE0F658EhtI68oMk7oKV9aiZczzOppueJGZKA9n1LCLrJcTs7Z6jpoo7s940epyY6IayxqdL+JFZ6e7EmHAIFzc7JHpmCOPyGOyRCKyRjbJG9In20S0vrZ+tUm71fnU+dL51vk+pbZbJzEPyczo/PwNNGhQDQ==</latexit><latexit sha1_base64="7q3iwSQVyJ2IKtYZzhlwKoDeqR8=">AAAEJniclVNLb9QwEPbu8ijh1cKRi0UFKqKskhVVe6ko2wvHVqIPqa4ix5nsunWcyI/SVZRf0wv/hBsSB1Rx419wZTbbFrYtSLWU8eTzN/7smXFSKmldGP5otTu3bt+5O3MvuP/g4aPHs3NPtm3h jYAtUajC7CbcgpIatpx0CnZLAzxPFOwkh+vj9Z0jMFYW+qMblbCf84GWmRTcIRTPtQ5eU5aA4/EGZSItHA2Ygswt4MxVOeTxJnoJDKSujnLujDyug358TF/S941lCoMsxhqERw08moYj/I3+QAEDnV7sRYNz/U3KvE7BJIYLqP6h2b9es39DzToOG+EBz/P/3HD9erX1G6oxIwdD9yqIZ+fDbtgMetWJzpz5d1+C1fLkNNjA6pywtBA+B+2E4tbuRb3S7VfcOCkU1AHzFkouDvkAqqYXavoCoZRmhcFPO9qgU7x8hAcbInE82b+X9rzLVvYrqUvvQIvJXplX1BV03Ds0lQaEUyPKhcAjee5QSgw5Vsxhj03JWK7tRIidu5gI0PBJFJh0TBDLeC7V KIWMe+Xqitns3J/eSXotHRaFWWnB+bIqwbzJixToKs3G2tjJuIrB+AiaC1c+iQ2kdWUGSV2F3eVoEfO8gqYXXmUmysMFNewh6+3YLC9doiaK+wtetLTYmKjGskaXi3jV2e51IwzYDOfX+mQyZsgz8pwskIgskzXygWyQLSJa31q/2qTd6nzufO1875xOqO3WWcxTMjU6 P38DVy5RgQ==</latexit><latexit sha1_base64="7q3iwSQVyJ2IKtYZzhlwKoDeqR8=">AAAEJniclVNLb9QwEPbu8ijh1cKRi0UFKqKskhVVe6ko2wvHVqIPqa4ix5nsunWcyI/SVZRf0wv/hBsSB1Rx419wZTbbFrYtSLWU8eTzN/7smXFSKmldGP5otTu3bt+5O3MvuP/g4aPHs3NPtm3hjYAtUajC7CbcgpIatpx0CnZLAzxPFOwkh+vj9Z0jMFYW+qMblbCf84GWmRTcIRTPtQ5eU5aA4/EGZSItHA2Ygswt4MxVOeTxJnoJDKSujnLujDyug358TF/S941lCoMsxhqERw08moYj/I3+QAEDnV7sRYNz/U3KvE7BJIYLqP6h2b9es39DzToOG+EBz/P/3HD9erX1 G6oxIwdD9yqIZ+fDbtgMetWJzpz5d1+C1fLkNNjA6pywtBA+B+2E4tbuRb3S7VfcOCkU1AHzFkouDvkAqqYXavoCoZRmhcFPO9qgU7x8hAcbInE82b+X9rzLVvYrqUvvQIvJXplX1BV03Ds0lQaEUyPKhcAjee5QSgw5Vsxhj03JWK7tRIidu5gI0PBJFJh0TBDLeC7VKIWMe+Xqitns3J/eSXotHRaFWWnB+bIqwbzJixToKs3G2tjJuIrB+AiaC1c+iQ2kdWUGSV2F3eVoEfO8gqYXXmUmysMFNewh6+3YLC9doiaK+wtetLTYmKjGskaXi3jV2e51IwzYDOfX+mQyZsgz8pwskIgskzXygWyQLSJa31q/2qTd6nzufO1875xOqO3WWcxTMjU6 P38DVy5RgQ==</latexit>

<latexit sha1_base64="7q3iwSQVyJ2IKtYZzhlwKoDeqR8=">AAAEJniclVNLb9QwEPbu8ijh1cKRi0UFKqKskhVVe6ko2wvHVqIPqa4ix5nsunWcyI/SVZRf0wv/hBsSB1Rx419wZTbbFrYtSLWU8eTzN/7smXFSKmldGP5otTu3bt+5O3MvuP/g4aPHs3NPtm3h jYAtUajC7CbcgpIatpx0CnZLAzxPFOwkh+vj9Z0jMFYW+qMblbCf84GWmRTcIRTPtQ5eU5aA4/EGZSItHA2Ygswt4MxVOeTxJnoJDKSujnLujDyug358TF/S941lCoMsxhqERw08moYj/I3+QAEDnV7sRYNz/U3KvE7BJIYLqP6h2b9es39DzToOG+EBz/P/3HD9erX1 G6oxIwdD9yqIZ+fDbtgMetWJzpz5d1+C1fLkNNjA6pywtBA+B+2E4tbuRb3S7VfcOCkU1AHzFkouDvkAqqYXavoCoZRmhcFPO9qgU7x8hAcbInE82b+X9rzLVvYrqUvvQIvJXplX1BV03Ds0lQaEUyPKhcAjee5QSgw5Vsxhj03JWK7tRIidu5gI0PBJFJh0TBDLeC7V KIWMe+Xqitns3J/eSXotHRaFWWnB+bIqwbzJixToKs3G2tjJuIrB+AiaC1c+iQ2kdWUGSV2F3eVoEfO8gqYXXmUmysMFNewh6+3YLC9doiaK+wtetLTYmKjGskaXi3jV2e51IwzYDOfX+mQyZsgz8pwskIgskzXygWyQLSJa31q/2qTd6nzufO1875xOqO3WWcxTMjU6 P38DVy5RgQ==</latexit><latexit sha1_base64="R1A7um6UZc9+lW1WusOY194IbNw=">AAAEJniclVNLb9QwEPbu8ijh1cKRi8UKVESpkhVVe0Eq2wvHXYltK9VV5DiTXVPHifwoXUX5NVz4NUgcEOLGv+DKbLotbFuQainjyedv/Nkz46RU0row/NFqd27cvHV76U5w9979Bw+XVx7t2sIb ASNRqMLsJ9yCkhpGTjoF+6UBnicK9pKjndn63jEYKwv93k1LOMz5WMtMCu4QildaH15SloDj8YAykRaOBkxB5lZx5qqc8HiIXgJjqavjnDsjT+qgH5/Q5/RtY5nCIIuxBuFpA08X4Qh/oz9QwECn53vR4Ex/SJnXKZjEcAHVPzT7V2v2r6lZx2EjPOZ5/p8b7lyttnNN NWbkeOJeBPFyN1wPm0EvO9Hc6ZL5GGB1PrG0ED4H7YTi1h5EvdIdVtw4KRTUAfMWSi6O+Biqphdq+gyhlGaFwU872qALvHyKB5sgcTbZv5cOvMu2DiupS+9Ai9O9Mq+oK+isd2gqDQinppQLgUfy3KGUmHCsmMMeW5CxXNtTIXbmYiJAw0dRYNIxQSzjuVTTFDLulasr ZrMzf3En6bV0WBRmpQXny6oE8yovUqBvaDbTxk7GVQzGR9BcuPJJbCCtKzNO6ipc34zWMM9baHrhZWaiPJxTwx6yXs/M5sYFaqK4P+dFG2uNiWosa3SxiJed3d56hAHDsLvdnxd4iTwhT8kqicgm2SbvyICMiGh9bf1qk3ar87nzpfOt8/2U2m7NYx6ThdH5+RtK6E5A </latexit>
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<latexit sha1_base64="kf/3oRnxt/wVBpGvBxVGmRw8/Uc=">AAAEKHiclVNLb9QwEPZueJTwaAtHLhYVqIiySlZU20tF2b1wbCX6kJoqcpzJrlXHifwoXUWR+C/c+CNckTigXvkX3JjNtgvbFqRaynjy+Rt/9sw4KaUwNgjOWm3v1u07dxfu+fcfPHy0uLT8eM8U TnPY5YUs9EHCDEihYNcKK+Gg1MDyRMJ+cjyYrO+fgDaiUB/suISjnA2VyARnFqF4uSVf0WjI8pzF2zTiaWGpH0nI7CrOTJYjFu+gl8BQqOokZ1aL09ofxKf0BX3X2EhikMFYjfC4gcfzcIi/4R/Ij0Cls72ojwdIwP5Hp3+9Tv/mOtOLToScSkEnmnGo/qE6uF51cEPVOg4Q02I4si/9eGkl6ATNoFed8NxZefvV3/xECNnG+nyO0oK7HJTlkhlzGHZLe1QxbQWXUONFDJSMH7MhVE031PQ5QinNCo2fsrRB53j5GE83QuJkMn8vHTqbbRxVQpXOguLTvTInqS3opHtoKjRwK8eUcY5HcsyiFB8xTKTFLpuTMUyZqVB04WIiQMFHXmAZMEtRxnIh xylkzElbV5HJLvz5nYRTwmJlIiMMWFdWJejXeZEC3aTZRBt7GVcxGJ9Bc+HKJbGGtK70MKmroNML1zDPG2i6wVVmIh3MqEEXWW8mprd+iZpI5ma8cH2tMWGNZQ0vF/Gqs9fthBiwE6xs9cl0LJCn5BlZJSHpkS3ynmyTXcJb31u/2u22533xvnk/vLMptd06j3lC5ob38zcwilCY</latexit><latexit sha1_base64="ws7+ZtJ0wFBizra6LJYMhCEEkJQ=">AAAEKHiclVNLb9NAEHZiHsW8WjhyWRGBiiiRHVGll4qSXDimEn1IdWSt1+Nk1fXa2kdpZPnX9MYf4YrEoeqVf8GNidMG0hSkruTZ8bff7Lc7MxsXgmvj+xeNpnvn7r37Kw+8h48eP3m6uvZsX+dW MdhjucjVYUw1CC5hz3Aj4LBQQLNYwEF83J+uH5yA0jyXn82kgGFGR5KnnFGDULTWEG9JOKJZRqMBCVmSG+KFAlKzjjMVxZhGu+jFMOKyPMmoUfy08vrRKXlNPtY2FBikMVYhPKnhySIc4G/wB/JCkMl8L+LhAWIw/9Hp3azTu73O7KJTISsTULGiDMp/qPZvVu3fUrWKfMQUH43NGy9abfltvx5k2QkundaHb952cXbuDbA+Z2GSM5uBNExQrY+CTmGGJVWGMwEVXkRDQdkxHUFZd0NFXiGUkDRX+ElDanSBl03wdGMkTif999KRNenWsOSysAYkm+2VWkFMTqbdQxKugBkxIZQxPJKlBqXYmGIiDXbZgoymUs+EwisXEwESvrAcy4BZClOacTFJ IKVWmKoMdXrlL+7EreQGKxNqrsHYoixAvcvyBMg2Safa2Mu4isH4DOoLlzaOFCRVqUZxVfrtbrCBed5C0/GXmbGwMKf6HWS9n5ru5jVqLKid84LNjdoEFZY1uF7EZWe/0w4wYNdv7fSc2VhxXjgvnXUncLrOjvPJGTh7Dmv8aPxqNpuu+9X97p67FzNqs3EZ89xZGO7P31NQUgw=</latexit> <latexit sha1_base64="ws7+ZtJ0wFBizra6LJYMhCEEkJQ=">AAAEKHiclVNLb9NAEHZiHsW8WjhyWRGBiiiRHVGll4qSXDimEn1IdWSt1+Nk1fXa2kdpZPnX9MYf4YrEoeqVf8GNidMG0hSkruTZ8bff7Lc7MxsXgmvj+xeNpnvn7r37Kw+8h48eP3m6uvZsX+dWMdhjucjVYUw1CC5hz3Aj4LBQQLNYwEF83J+uH5yA0jyXn82kgGFGR5KnnFGDULTWEG9JOKJZRqMBCVmSG+KFAlKzjjMVxZhGu+jFMOKyPMmoUfy08vrRKXlNPtY2FBikMVYhPKnhySIc4G/wB/JCkMl8L+LhAWIw/9Hp3azTu73O7KJTISsTULGiDMp/qPZvVu3fUrWK fMQUH43NGy9abfltvx5k2QkundaHb952cXbuDbA+Z2GSM5uBNExQrY+CTmGGJVWGMwEVXkRDQdkxHUFZd0NFXiGUkDRX+ElDanSBl03wdGMkTif999KRNenWsOSysAYkm+2VWkFMTqbdQxKugBkxIZQxPJKlBqXYmGIiDXbZgoymUs+EwisXEwESvrAcy4BZClOacTFJIKVWmKoMdXrlL+7EreQGKxNqrsHYoixAvcvyBMg2Safa2Mu4isH4DOoLlzaOFCRVqUZxVfrtbrCBed5C0/GXmbGwMKf6HWS9n5ru5jVqLKid84LNjdoEFZY1uF7EZWe/0w4wYNdv7fSc2VhxXjgvnXUncLrOjvPJGTh7Dmv8aPxqNpuu+9X97p67FzNqs3EZ89xZGO7P 31NQUgw=</latexit>

<latexit sha1_base64="ws7+ZtJ0wFBizra6LJYMhCEEkJQ=">AAAEKHiclVNLb9NAEHZiHsW8WjhyWRGBiiiRHVGll4qSXDimEn1IdWSt1+Nk1fXa2kdpZPnX9MYf4YrEoeqVf8GNidMG0hSkruTZ8bff7Lc7MxsXgmvj+xeNpnvn7r37Kw+8h48eP3m6uvZsX+dW MdhjucjVYUw1CC5hz3Aj4LBQQLNYwEF83J+uH5yA0jyXn82kgGFGR5KnnFGDULTWEG9JOKJZRqMBCVmSG+KFAlKzjjMVxZhGu+jFMOKyPMmoUfy08vrRKXlNPtY2FBikMVYhPKnhySIc4G/wB/JCkMl8L+LhAWIw/9Hp3azTu73O7KJTISsTULGiDMp/qPZvVu3fUrWK fMQUH43NGy9abfltvx5k2QkundaHb952cXbuDbA+Z2GSM5uBNExQrY+CTmGGJVWGMwEVXkRDQdkxHUFZd0NFXiGUkDRX+ElDanSBl03wdGMkTif999KRNenWsOSysAYkm+2VWkFMTqbdQxKugBkxIZQxPJKlBqXYmGIiDXbZgoymUs+EwisXEwESvrAcy4BZClOacTFJ IKVWmKoMdXrlL+7EreQGKxNqrsHYoixAvcvyBMg2Safa2Mu4isH4DOoLlzaOFCRVqUZxVfrtbrCBed5C0/GXmbGwMKf6HWS9n5ru5jVqLKid84LNjdoEFZY1uF7EZWe/0w4wYNdv7fSc2VhxXjgvnXUncLrOjvPJGTh7Dmv8aPxqNpuu+9X97p67FzNqs3EZ89xZGO7P 31NQUgw=</latexit><latexit sha1_base64="phVMfJ95Wa+uRd7nLt/DB9iejsk=">AAAEKHiclVNLb9NAEHZiHiU82sKRy4oIVESJ7IgqvSCV5MIxlUhbqY6s9XrsrLpeW/sojSz/Gm78GiQOqFf+BTcmThpIU5C6kmfH336z3+7MbFQIro3nXTaa7p279+5vPGg9fPT4yebW9tMjnVvF YMRykauTiGoQXMLIcCPgpFBAs0jAcXQ2mK0fn4PSPJefzLSAcUZTyRPOqEEo3G6INyRIaZbRcEgCFueGtAIBidnBmYpiQsND9CJIuSzPM2oUv6hag/CCvCIfahsIDNIYqxCe1vB0Ffbx1/8DtQKQ8XIv0sIDRGD+o9O/Wad/e535RWdCVsagIkUZlP9QHdysOrilahV6 iCmeTszrVrjV9jpePci64y+ctrMYQ6zPlyDOmc1AGiao1qd+tzDjkirDmYAKL6KhoOyMplDW3VCRlwjFJMkVftKQGl3hZVM83QSJs0n/vXRqTbI/LrksrAHJ5nslVhCTk1n3kJgrYEZMCWUMj2SpQSk2oZhIg122IqOp1HOh4MrFRICEzyzHMmCWgoRmXExjSKgVpioD nVz5qztxK7nBygSaazC2KAtQb7M8BvKeJDNt7GVcxWB8BvWFSxuFCuKqVGlUlV6n5+9invfRdL11ZiQsLKleF1nvZqa3d40aCWqXPH9vtzZ+hWX1rxdx3TnqdnwMOPTaB/1FgTec584LZ8fxnZ5z4Hx0hs7IYY3vjV/NZtN1v7rf3B/u5ZzabCxinjkrw/35G0cKTss=</latexit>

= . . .
<latexit sha1_base64="jgCjsApuZV2HbgIRSmyDNNgMshI=">AAACwXicZVFLbxMxEHaWVwmvFo5cLCIkDiXajajSS0RFLxyLRNpI3SjyemdTq36s7DEQWSvxG7jCjR/Db+Df4N20FWlG8vjTzDfvopbCYZr+7SV37t67/2DnYf/R4ydPn+3uPT91xlsOU26ksbOC OZBCwxQFSpjVFpgqJJwVl8et/+wLWCeM/oyrGuaKLbWoBGcYTbMJzWVp0C12B+kw7YRug+wKDN7/6U++E0JOFnu933lpuFegkUvm3Hk2qnEemEXBJTT93DuoGb9kSwhdmw19HU0lrYyNTyPtrBs8tVIMLyKx/dz/rnOP1eE8CF17BM3XuSovKRrajkVLYYGjXFHGeWzJ M4yl+AWzjGMcf6OMY9qtC+XXsJ9b0PCVG6WYLkNeMSXkqoSKeYlNyF11jTczCa8FfotGJxygr0MN9q0yJdAJrdraccnRG4PjfbqBgy8WFsom2GXRhHQ4zvbjng+jGqXbzEJ6uKGmo8h616rxwS1qIZm/4WUH+53KmnjW7PYRt8HpaJjFgE/p4OgDWcsOeUlekTckI2Ny RD6SEzIlnEjyg/wkv5LjRCR1YtfUpHcV84JsSBL+AWU63TU=</latexit><latexit sha1_base64="u6irJ8MFqJBotmaJSV7JAiNSmlo=">AAACwXicZVHNbhMxEHaWv7L8tXDkYhEhcSjRbtQqvUSt6IVjkUgbqRtFXu9satVrW/YYGq32JbjCrQ/DIyDeBu+mrUgzksefZr75z40UDpPkby968PDR4ydbT+Nnz1+8fLW98/rUaW85TLiW2k5z 5kAKBRMUKGFqLLAql3CWXx63/rNvYJ3Q6isuDcwqtlCiFJxhME3HNJOFRjff7ieDpBO6CdIb0D/8HY/N9Z/4ZL7Tu84KzX0FCrlkzp2nQ4OzmlkUXEITZ96BYfySLaDu2mzo+2AqaKlteAppZ13jVcuK4UUgtp/733XusTyY1UIZj6D4KlfpJUVN27FoISxwlEvKOA8t eYahFL9glnEM46+VcUy5VaHsFsaZBQXfua4qpoo6K1kl5LKAknmJTZ258havZxJeCbwKRiccoDe1Afux0gXQMS3b2mHJwRuCw326gWufzy0UTW0XeVMng1G6G/Z8ENQw2WTm0sMdNRkG1l6rRvv3qLlk/o6X7u92Km3CWdP7R9wEp8NBGgK+JP2jT2QlW+QteUc+kJSMyBH5TE7IhHAiyQ/yk/yKjiMRmciuqFHvJuYNWZOo/geIAN6p</latexit> <latexit sha1_base64="u6irJ8MFqJBotmaJSV7JAiNSmlo=">AAACwXicZVHNbhMxEHaWv7L8tXDkYhEhcSjRbtQqvUSt6IVjkUgbqRtFXu9satVrW/YYGq32JbjCrQ/DIyDeBu+mrUgzksefZr75z40UDpPkby968PDR4ydbT+Nnz1+8fLW98/rUaW85TLiW2k5z 5kAKBRMUKGFqLLAql3CWXx63/rNvYJ3Q6isuDcwqtlCiFJxhME3HNJOFRjff7ieDpBO6CdIb0D/8HY/N9Z/4ZL7Tu84KzX0FCrlkzp2nQ4OzmlkUXEITZ96BYfySLaDu2mzo+2AqaKlteAppZ13jVcuK4UUgtp/733XusTyY1UIZj6D4KlfpJUVN27FoISxwlEvKOA8teYahFL9glnEM46+VcUy5VaHsFsaZBQXfua4qpoo6K1kl5LKAknmJTZ258havZxJeCbwKRiccoDe1Afux0gXQMS3b2mHJwRuCw326gWufzy0UTW0XeVMng1G6G/Z8ENQw2WTm0sMdNRkG1l6rRvv3qLlk/o6X7u92Km3CWdP7R9wEp8NBGgK+JP2jT2QlW+QteUc+kJSM yBH5TE7IhHAiyQ/yk/yKjiMRmciuqFHvJuYNWZOo/geIAN6p</latexit>

<latexit sha1_base64="u6irJ8MFqJBotmaJSV7JAiNSmlo=">AAACwXicZVHNbhMxEHaWv7L8tXDkYhEhcSjRbtQqvUSt6IVjkUgbqRtFXu9satVrW/YYGq32JbjCrQ/DIyDeBu+mrUgzksefZr75z40UDpPkby968PDR4ydbT+Nnz1+8fLW98/rUaW85TLiW2k5z 5kAKBRMUKGFqLLAql3CWXx63/rNvYJ3Q6isuDcwqtlCiFJxhME3HNJOFRjff7ieDpBO6CdIb0D/8HY/N9Z/4ZL7Tu84KzX0FCrlkzp2nQ4OzmlkUXEITZ96BYfySLaDu2mzo+2AqaKlteAppZ13jVcuK4UUgtp/733XusTyY1UIZj6D4KlfpJUVN27FoISxwlEvKOA8t eYahFL9glnEM46+VcUy5VaHsFsaZBQXfua4qpoo6K1kl5LKAknmJTZ258havZxJeCbwKRiccoDe1Afux0gXQMS3b2mHJwRuCw326gWufzy0UTW0XeVMng1G6G/Z8ENQw2WTm0sMdNRkG1l6rRvv3qLlk/o6X7u92Km3CWdP7R9wEp8NBGgK+JP2jT2QlW+QteUc+kJSM yBH5TE7IhHAiyQ/yk/yKjiMRmciuqFHvJuYNWZOo/geIAN6p</latexit> <latexit sha1_base64="WQd42oOnVMUlIFseyRnT1eybG/k=">AAACwXicZVFLaxsxEJa3r9R9Je2xF1FT6CE1uybBuQRCc+kxhToxZI3RamcdET0WadTGiP0Tuba3/qr+m2rXTqjjAY0+Zr55F7UUDtP0by959PjJ02c7z/svXr56/WZ37+25M95ymHAjjZ0WzIEU GiYoUMK0tsBUIeGiuD5t/Rc/wDph9Hdc1jBTbKFFJTjDaJoe01yWBt18d5AO007oNsjWYEDWcjbf6/3JS8O9Ao1cMucus1GNs8AsCi6h6efeQc34NVtA6Nps6MdoKmllbHwaaWfd4KmlYngVie3n/nddeqyOZkHo2iNovspVeUnR0HYsWgoLHOWSMs5jS55hLMWvmGUc 4/gbZRzTblUov4P93IKGn9woxXQZ8oopIZclVMxLbELuqju8mUl4LfAmGp1wgL4ONdjPypRAj2nV1o5Ljt4YHO/TDRx8MbdQNsEuiiakw3G2H/d8FNUo3WYW0sM9NR1F1kGrxocPqIVk/p6XHe53KmviWbOHR9wG56NhFgO+pYOTL+sD75D35AP5RDIyJifkKzkjE8KJ JLfkF/mdnCYiqRO7oia9dcw7siFJ+Ad7utto</latexit>
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Corollare aus Routh's Theorem

• Corollar 1: 

Gegeben P, Q, R mit ihren jeweiligen baryzentrischn Koordinaten. 

Diese sind kollinear gdw. 

• Corollar 2:
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Erinnerung: lineare Interpolation

• Sei ein skalarer Wert an P und Q vorgegeben:  f(P)=f1,  f(Q)=f2 

• Dann kann man jedem Punkt X auf der Geraden         einen Wert f(X) zuordnen 

• Sei t der Parameter von X, also  

• Dann setze 

X = (1− t) · P + t ·Q
<latexit sha1_base64="m1EelPNteEE9GSQhe5IHvIn/lrs=">AAACBnicbZDLSsNAFIYn9VbrLV52IgwWoSKWRMXLQii4sMsW7AXaUibTaTt0kgkzJ0INXbnxVdx0oYhbn8GdS9/EpC2i1h8GPv5zDmfO7/iCa7CsDyMxMzs3v5BcTC0tr6yumesbZS0DRVmJSiFV 1SGaCe6xEnAQrOorRlxHsIrTu4rrlVumNJfeDfR91nBJx+NtTglEVtPcqeJLnLEPYR/XaUsCLuADDBMuNs20lbVGwtNgTyCdy9x9Xg+3wkLTfK+3JA1c5gEVROuabfnQCIkCTgUbpOqBZj6hPdJhtQg94jLdCEdnDPBe5LRwW6roeYBH7s+JkLha910n6nQJdPXfWmz+V6sF0D5vhNzzA2AeHS9qBwKDxHEmuMUVoyD6ERCqePRXTLtEEQpRcqlRCBexTr9PnobyUdY+zp4U7XQuj8ZKom20izLIRmcoh/KogEqIonv0iJ7Qs/FgDI0X43XcmjAmM5vol4y3L8bymVM=</latexit>
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Baryzentrische Interpolation

• Gegeben: "Höhen" fA, fB, fC  an den Punkten A, B, C  (z.B. f = 

Grauwerte) 

• Gesucht: eine Funktion f,  so daß die fA, fB, fC  interpoliert 

werden 

• Idee: für einen beliebigen Punkt X, bestimme dessen 

baryzentrische Koordinaten, interpoliere damit die 

Funktionswerte 

• Konkret: Sei  

• Setze 

• Funktioniert auch für X außerhalb   

• Funktioniert auch für                                  (z.B. Farben) 

• Bemerkung: Auf den Kanten des Dreiecks entspricht dies 

gerade einer linearen Interpolation

22
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Weitere Anwendung: Punkt–in–Dreieck—Test

• Der Punkt X ist im Inneren des Dreiecks

24
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Alternative Betrachtungsweise

• In der Ebene ist ein Dreieck die Schnittmenge von 3 Halbebenen:

25
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<latexit sha1_base64="ZbDc/cd5uyWVWkSBDwUK4cL43Fc=">AAACqXicZVFLbxMxEHa2PMrySoEbQrIoSEW00W5QRS+gohzosZVIG9GNIq93NrXqtVf2uCVYe+LXcOEAv4Yj/wRn0yLSjjT2p5lv3nkthcUk+d2JVm7cvHV79U589979Bw+7a48OrXaGw5Brqc0o ZxakUDBEgRJGtQFW5RKO8tPB3H90BsYKrT7hrIZxxaZKlIIzDKZJ99nGiG7RwSua8UIjzc44VRP/YdDQ9zShk+560ktaoddBegHWd198/fPxxxO/P1nrYFZo7ipQyCWz9jjt1zj2zKDgEpo4cxZqxk/ZFHzbfUNfBlNBS22CKqStdYlXzSqGJ4E4/+z/rmOH5c7YC1U7 BMUXuUonKWo6n5YWwgBHOaOM89CSYxhK8RNmGMewlaUylim7KJRdwjgzoOCc66piqvBZySohZwWUzElsfGbLS7ycSTgl8EswWmEBXe1rMFuVLoC+o+W8dth98IbgcLZ2YJ9L5hpvpnnjk166vdk+6RWSgeIfZydQkqD9Jo7DndKrV7kODvu99E1v+yAcbI8sZJU8Jc/J BknJW7JL9sg+GRJOvpHv5Cf5Fb2ODqJR9HlBjToXMY/JkkT8L7io03w=</latexit>

(X − B)·nAB > 0
<latexit sha1_base64="MCHCzVEkqcjV5VlcwjpThtB8p1I=">AAACqXicZVFLbxMxEHaWV7u8UuCGkCwKUhE02g2q6AVUyoEeW4m0Ed0o8npnU6tee2WPC8HaU39NLz3Ar+HIP8HZtIi0I439aeabd15LYTFJfneiGzdv3b6ztBzfvXf/wcPuyqN9q53hMOBaajPM mQUpFAxQoIRhbYBVuYSD/PjTzH9wAsYKrb7gtIZRxSZKlIIzDKZx99nakK7T7Vc044VGmp1wqsb+43ZDP9CEjrurSS9phV4H6QVY3Xrx48/n8yd+d7zSwazQ3FWgkEtm7WHar3HkmUHBJTRx5izUjB+zCfi2+4a+DKaCltoEVUhb6wKvmlYMjwJx9tn/XYcOy82RF6p2CIrPc5VOUtR0Ni0thAGOckoZ56ElxzCU4kfMMI5hKwtlLFN2Xii7hHFmQME3rquKqcJnJauEnBZQMiex8ZktL/FiJuGUwO/BaIUFdLWvwaxXugD6npaz2mH3wRuCw9nagX0umWu8meSNT3rpxpv2Sa+QDBT/OJuBkgTtN3Ec7pRevcp1sN/vpW97G3vhYDtkLkvkKXlO 1khK3pEtskN2yYBwckrOyE/yK3od7UXD6OucGnUuYh6TBYn4X7Q903o=</latexit>

(X − A)·nBC > 0
<latexit sha1_base64="9+EWfoQb18FCuYTQrmmmgUZGO60=">AAACqXicZVFLbxMxEHaWV1leKXBDSBYFqQga7QZV9AIq9NAeW4m0Ed0o8npnU6tee2WPC8HaE7+mlx7g13Dkn+BsWtS0I439aeabd15LYTFJ/nSiGzdv3b6zdDe+d//Bw0fd5cf7VjvDYcC11GaY MwtSKBigQAnD2gCrcgkH+fHWzH9wAsYKrb7gtIZRxSZKlIIzDKZx9/nqkK7RT69pxguNNDvhVI39562GfqQJHXdXkl7SCr0O0nOwsvnyx9/ts6d+d7zcwazQ3FWgkEtm7WHar3HkmUHBJTRx5izUjB+zCfi2+4a+CqaCltoEVUhb6wKvmlYMjwJx9tnLrkOH5cbIC1U7BMXnuUonKWo6m5YWwgBHOaWM89CSYxhK8SNmGMewlYUylik7L5RdwDgzoOAb11XFVOGzklVCTgsomZPY+MyWF3gxk3BK4PdgtMICutrXYNYqXQD9QMtZ7bD74A3B4WztwD6XzDXeTPLGJ710/W37pFdIBor/nI1ASYL2mzgOd0qvXuU62O/30ne99b1wsB0ylyXyjLwg qyQl78km2SG7ZEA4+UlOyS/yO3oT7UXD6OucGnXOY56QBYn4P7Za03s=</latexit>
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Algorithmus von Pineda                                                 [1988]

• Berechne baryzentrische Koordinaten für alle Pixel (-mittelpunkte) 

• Falls innerhalb des Dreiecks: berechne interpolierte Farbe und setze das Pixel 

• Bemerkung: (xmin, xmax, ymin, ymax) ist die Bounding-Box des Dreiecks 

• Parallelisierung: hier "embarrassingly parallel", da es innerhalb der Pixel 

keine Datenabhängigkeit gibt

26

for y = ymin ... ymax: 
   for x = xmin ... xmax: 
      berechne α, β, γ 
      if α > 0 and β > 0 and γ > 0: 
         C = αCA + βCB + γCC 
         zeichne Pixel (x,y) mit Farbe C



G. Zachmann Baryzentrische KoordinatenComputergraphik 1 WS November 2023

Optimierung im Falle einer sequentiellen Berechnung

• Beobachtung: 𝛼 ist eine lineare 

Funktion in der Ebene, m.a.W., 𝛼 hat 

die Form 

 

Dito für 𝛽, 𝛾 

• Verwende die algorithmische Technik 

der inkrementellen Berechnung (auf 

Gitter)

27

α(x + 1, y) = α(x , y) + a ,
<latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VFCmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit><latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VF CmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00aCbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit> <latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VFCmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit><latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VF CmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit> <latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VF CmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit>

α(x , y + 1) = α(x , y) + b
<latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VFCmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit><latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VF CmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00aCbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit> <latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VFCmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit><latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VF CmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit> <latexit sha1_base64="PogKSh44HxQP3FBJ/U/Z6Xolq6g=">AAADDHicbVHNbtNAEN6YvxL+UjhyWREhFSVEdtQqlRBSBReOrUTaSnUUjdfjZNX12uwP1LL8CrwEr4DEAXHlHThwhddg7aRR0zCSx5+/+WbHO1+UC66N7/9qeTdu3rp9Z+tu+979Bw8fdbYfH+vM KoZjlolMnUagUXCJY8ONwNNcIaSRwJPo/G1dP/mISvNMvjdFjpMUZpInnIFx1LRzFILI50B3LnpBv3hBX9MVUX/2KNDwFe3T8IOFmLavFHvBf9QRbU87XX/gN0E3QbAEXbKMw+l260sYZ8ymKA0ToPVZMMzNpARlOBNYtUOrMQd2DjMsmxtX9LmjYppkyj3S0IZd06VF CmbuhPVLXy2dWZPsT0ouc2tQssVZiRXUZLTeEI25QmZEQYEx90sWjBvF5qCAGbfJtTEapF4MCi9hO1Qo8RPL0hRkXIYJpFwUMSZghanKUCeXeP0kbiU3F47UXKOxeZmjeplmMbotJ/Vs55erumZndXPh0kZThXFVqllUlf5gFPTdnvddGvqbykhYXEn9oVPt1mm0d00a CbArXbDXb1JQOVuD6yZuguPhIHANR7vdgzdLg7fIU/KM7JCAjMgBeUcOyZgw8o38Jn/IX++z99X77v1YSL3WsucJWQvv5z+A8fIh</latexit>
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Problemfall "lange dünne Dreiecke"

• Slivers": 

• Moving Slivers:

28

Lösung: Anti-Aliasing

Schätze für jedes Pixel den 

prozentualen Anteil, zu dem es 

vom Dreieck überdeckt wird 

(z.B. durch Super-Sampling)
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Anwendung: kürzester Abstand zwischen Punkt und Dreieck

29
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Anwendung: Schnittest Dreieck-Dreieck

• Das Problem "Collision Detection": 

• Finde ein (oder alle) Paare von Polygonen, die 

sich schneiden (witnesses) 

• Viele pfiffige Verfahren, aber Grundoperation 

am Ende ist immer ein, bzw. viele Polygon-

Polygon-Schnittests 

• Vereinfachung: zwei Dreiecke 

• Verfahren: 

• Teste alle Kanten von B auf Schnitt gegen A 

• Und nochmal umgekehrt 

• Abbruch, sobald der erste Schnitt gefunden

30
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Schnitt Kante-Dreieck

• Ansatz 

• Ebenengleichung: 

• Liniengleichung: 

• Einsetzen: 

• Check:                   ; falls nein ⟶ kein Schnitt;  

falls ja ⟶ X ausrechnen 

• Teste "X in Dreieck"; falls ja ⟶ Schnitt 

• Zum Test, projiziere X und Δ nach 2D

31

n
P

Q

A

Xn ⋅ X − d = 0

X = P + tr , r = Q − P

t(n ⋅ r) − d + nP = 0

⇒ t =
d − nP

nr

t ∈ [0,1]
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Verallgemeinerung der baryzentrischen Koord. in 3D

• Dreieck ⟶ Tetraeder 

• Flächenformel ⟶ Volumenformel 

• Anwendungsbeispiel: Verankerung eines 

fein aufgelösten Tetraeder-Meshes (für 

Rendering) in einem grob aufgelösten 

Tetraeder-Mesh (für FEM-Simulation) 

32
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Anwendung: Mesh Simplification

• Ziel: erzeuge "low-poly" Meshes 

aus gegebenem "high-poly" Input 

• Fundamentale Operation: 

edge collapse
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• Position von V wird durch 

Simplifizierungsalgorithmus bestimmt 

• Problem: berechne Farbe (u.a. Attribute) für 

den neuen Vertex V 

• V liegt wahrscheinlich im Inneren des 

Tetraeders PQRS, aber nicht notwendigerweise 

• Lösung:  

• Berechne baryzentrische Koordinaten von V  

bzgl. P, Q, R, S ⟶ 𝛼, 𝛽, 𝛾, 𝛿 

• Interpoliere damit die Farben der Ecken 

• Welche Fälle können vorkommen?
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Spezielle Punkte im Dreieck

• Viele spezielle Punkte im Dreieck lassen sich mittels baryzentrischer Koordinaten 
sehr leicht angeben / ausrechnen  
(o. Bew.): 

• Achtung: die Koordinaten sind ohne Normierung angegeben — diese muß man also vor einer 
tatsächlichen Verwendung noch durchführen!
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Geometrische Verhältnisse im Dreieck
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FYI

S.a. die Links zu Demos auf der VL-Homepage


